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Abstract 

We study topological string amplitudes for the FHSV model using various tech¬ 
niques. This model has a type 11 realization involving a Calabi-Yau threefold with 
Enriques fibres, which we call the Enriques Calabi-Yau. By applying heterotic/type 
11A duality, we compute the topological amplitudes in the fibre to all genera. It turns 
out that there are two different ways to do the computation that lead to topological 
couplings with different BPS content. One of them gives the standard D0-D2 counting 
amplitudes, and from the other one we obtain information about bound states of D0- 
D4-D2 branes on the Enriques fibre. We also study the model using mirror symmetry 
and the holomorphic anomaly equations. We verify in this way the heterotic results 
for the D0-D2 generating functional for low genera and find closed expressions for the 
topological amplitudes on the total space in terms of modular forms, and up to genus 
three. This model turns out to be much simpler than the generic B-modcl and might 
be exactly solvable. 
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1 Introduction 

The solution of topological string theory on Calabi-Yau (CY) manifolds is an important 
problem with applications both in string theory and in enumerative geometry. Impres¬ 
sive tools have been developed in an extensive effort over the last twelve years, most 
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notably mirror symmetry, localization, deformation, large ^-dualities, cohomological 
calculations in D2-D0 brane moduli spaces, and heterotic/type II duality. Nevertheless, 
a complete solution for the topological string amplitudes on compact CY manifolds is 
presently out of reacljE Applicable to the compact case are B-model calculations based 
on mirror symmetry and the holomorphic anomaly equation of [8j [3T] , and A-model 
calculations based on deformation arguments and relative Gromov-Witten invariants, 
which are calculated by localization f20j 03]. Both methods calculate the amplitudes 
genus by genus. The former provides contributions in all degrees at once, but only up 
to a holomorphic function (the so-called holomorphic ambiguity), whose determina¬ 
tion requires further finite amount of data, which in practice are provided in a rather 
unsystematic case by case analysis. The A-model calculation proceeds degree by de¬ 
gree and the combinatorial complexity is in general prohibitive. Many (potentially all) 
compact CY manifolds are connected by transitions through complex degenerations. 
The behaviour of the topological string amplitudes at these transitions is relatively 
well understood. In view of this situation it is important to identify the compact CY 
manifold where the topological string is most tractable. 

There is a compact example where topological string theory is exactly solvable, 
namely K3xT 2 . The topological string amplitudes are all zero for genus g > 2, at 
g = 0 one has just the classical piece of the prepotential, and for g — 1 one just has 
the elliptic g function typical of the two-torus \J\. Hence this example is too simple, 
and this is due to the extended Af = 4 supersymmetry of the corresponding type II 
theory, related in turn to the SU{2) holonomy. J\f = 2 supersymmetry and the generic 
S77(3) holonomy can be obtained by hbering K3 over P 1 . In these examples one can 
use heterotic/type II duality or special properties of the Hilbert scheme of complex 
surfaces to write down explicitly all genus topological amplitudes for the classes in the 
K3 fiber [43, 33]. However the decisive step in going from the surface to the threefold, 
i.e. the inclusion of the base and mixed classes, is hard. Results up to g — 2 have been 
obtained in [33]. 

This motivates to consider the problem on a special CY with intermediate holonomy 
577(2) x Z 2 constructed in pH, 53j [18], as an orbifold w.r.t. a free Z 2 involution of 
K3xT 2 . The resulting space exhibits a K3 hbration with four fibres of multiplicity two 
over the four fixed points of the involution in the base, which are Enriques surfaces. 
A good deal of the nontrivial geometry of this CY comes from the geometry of the 
Enriques fibers, and we will call it the Enriques CY manifold. The string vacuum ob¬ 
tained by compactifying type II theory on the Enriques CY has J\f = 2 supersymmetry 
and is known as the FHSV model. The Z 2 lifts instanton zero modes related to the 

2 In contrast, on non-compact tone Calabi-Yau manifolds the problem is completely solved by 
localization, and much more efficiently by using the topological vertex [T], which relates the genus 
expansion to a 1/iV expansion of Chern-Simons theory. 
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T 2 so that simple instanton effects which cancel in the J\f = 4 theory contribute to the 
J\f = 2 effective action. The Enriques CY seems to be the simplest CY compactifica- 
tion with nontrivial topological string amplitudes. Moreover it has a dual description 
as an asymmetric orbifold of the heterotic string |18j . Various aspects of the FHSV 
model have been studied in the past, see for example [11133]. In particular, the genus 
one topological string amplitude of the FHSV model was determined by Harvey and 
Moore in [[26] , 

This paper makes a first step to determine the topological string amplitudes of the 
FHSV model using heterotic/type II duality, B-modcl techniques and the cohomology 
of D2-D0 brane moduli spaces. Although we haven’t been able to solve the model 
in full, we will present various results which show that indeed the model has some 
simplifying features that might lead to a complete solution. The simplicity of the 
model is also apparent from a mathematical point of view, and it turns out that the 
techniques developed in [20, 03] lead to simple recursive formulae for the Gromov- 
Witten invariants of the Enriques CY at low genera [35]. 

A heterotic one-loop calculation is used to determine the F g couplings in the fibre 
direction, using the techniques developed in [ 23 , 131133], It turns out that this calculation 
can be made in two different ways, which we call the geometric reduction and the 
Borcherds-Harvey-Moore (BHM) reduction. The resulting expressions are appropriate 
for different regions in moduli space, and they turn out to have a different enumerative 
meaning. The result obtained in the geometric reduction corresponds to the large 
radius limit, reproduces the geometric expectations one has for a generating functional 
of Gromov-Witten invariants, and as explained in [21] counts D0-D2 bound states. 
We suggest that the result obtained in the BHM reduction is related to a counting of 
D0-D2-D4 bound states in a different region of moduli space. The result of [26] for the 
genus one amplitude was in fact implicitly obtained in the BHM reduction. 

We then study the model by using mirror symmetry and the holomorphic anomaly 
equations. To do that, we first find an algebraic realization of the CY manifold involved 
in the FHSV model, and we find its mirror by using standard techniques. This leads 
to a model which is still very difficult to solve due to the presence of ten deformation 
parameters. To avoid this problem, we find a reduced model with only two fibre 
parameters which is obtained by blowing down the E 8 part of the homology of the 
original type A model. This model turns out to be very tractable, and all relevant 
quantities can be expressed in closed form in terms of modular forms. We present 
explicit formulae for the topological string amplitudes in the fiber up to genus 3 which 
agree with the predictions of heterotic/type II duality. The holomorphic anomaly 
equations turn out to be extremely simple due to various exceptional properties of 
the model (like the absence of worldsheet instanton corrections for the prepotential, 
already pointed out in [T8]). Although we do not have enough information to fix the 
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holomorphic ambiguity in the base (except at genus 2, where explicit results have been 
obtained in [35]), we make a natural conjecture that leads to consistent results in genus 
three and four and might hold in general. 

The organization of this paper is as follows. In section 2 we review the heterotic 
computation of topological string amplitudes in K3xT 2 compactihcations. In section 
3 we present various results on the FHSV model, both in its type IIA and its heterotic 
incarnations. In section 4 we compute the topological string amplitudes in the heterotic 
theory, in both the geometric and the BHM reductions. In section 5 we present an 
interpretation of the results in the geometric reduction in terms of BPS invariants 
associated to D2-D0 bound states, following [2HEU. In section 6 we study the mirror 
B-model for a “reduced” version of the theory, and we compare the results with those 
obtained in the heterotic computation. Appendix A collects some useful formulae 
for modular forms. Appendix B summarizes some results about the lattice reduction 
technique which is used in the heterotic computation. 

2 Heterotic/type II duality and F g couplings 

2.1 The F g couplings in heterotic string theory 

The duality between heterotic compactifications on K3xT 2 and type II theory on 
Calabi-Yau’s which are K3 fibrations [30] has been a source of very rich information in 
string theory (see for example [ 31 ] for a review of results). One of the most interesting 
applications of this duality is the computation of the topological string amplitudes F g . 
These F g couplings are F-terms for compactihcations of type II theory on Calabi-Yau 
manifolds M, and they give terms in the four-dimensional effective action of the 
form 

J F a (t,t)T 29 ~ 2 R 2 + ••• (2.1) 

where T is the graviphoton held strength and R is the Riemann curvature. It turns 
out that, on the heterotic side, all these couplings appear at one-loop pjj and can be 
computed in closed form [43]. In this section we will briehy review the computation 
of the F g amplitudes by using heterotic/type II duality. One drawback of this duality 
is that it only enables us to compute this amplitude in the limit of infinite volume for 
the basis of the K3 hbration. This is due to the fact that, under heterotic/type IIA 
duality, the heterotic dilaton S is identified with the complexified area of the base P 1 
of the hbration, 

Ajr 

volc(P 1 ) = 47 tS = —. (2.2) 

fi'het 
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Therefore the perturbative regime of the heterotic string corresponds to the limit 
vole (P 1 ) —> oo. On the other hand, the duality gives closed, elegant expressions for all 
the F g amplitudes restricted to fiber classes in terms of modular forms. These classes 
correspond to the Picard lattice of the K3 fibre, which will be denoted by Pic(K3) (more 
precisely, one has to consider the monodromy-invariant part of the Picard lattice). 

Before stating the main results, we introduce some notation on Narain lattices and 
Siegel-Narain theta functions. Given a lattice Y of signature (b + ,b_), a projection P 
is an orthogonal decomposition of Y 0 M into subspaces of definite signature: 

P : r 0 R ~ R b+ 1 M 6 -. 


We will denote by p± = P±{p) the projections onto the two factors. The Siegel-Narain 
theta function is defined as 

@r(r, a,P) = ^expj 7ur(p + f3/2) 2 + + niT(p + P/2) 2 _ + ni(p + P/2, a) j. (2.3) 

per ^ ^ 


When a = P = 0, we will simply write 0r(r). As usual, we write q = exp(27rzr), and 
t -2 = Imr. 

We will consider compactifications of the heterotic string on K3xT 2 and orbifolds 
thereof. These compactifications lead to effective theories with J\f = 2 supersymmetry 
in four dimensions, and they involve Narain lattices with b + = 2, which can be identified 
with the two right-moving directions along T 2 . Therefore, we can identify M b+ ~ C, 
and we will represent p + G M 2 by pr G C, so that p\ is given by \pr\ 2 - 

The general expression for the F g couplings in these compactifications is given by 
the one-loop integral [3] (see [32] for an excellent introduction to one-loop corrections 
in string theory) 


F g = 


(Ft 1 




\V\ 


4 


7T 


^a+h+ahg f ^[g](T) 

V V(r) 


7int ran 


(2.4) 


In this equation, the integration is over the fundamental domain of the torus, 

Zfg] = (: (dxf 1 :) (2.5) 


is a correlation function evaluated in the internal conformal field theory, and X is the 
complex boson corresponding to the right-moving modes on the T 2 . The evaluation of 
the correlation function reduces to zero modes [3], and the final result involves insertions 
of the right-moving momentum pr. For this reason, it is convenient to introduce the 
Narain theta function with an insertion, 


©r (T,a,P) = 


per 


2g -2 

Pr exp 


7 nr(p + P/2) 2 + + 7 nr(p + P/ 2) 2 + m(p + P/2, a) >. (2.6) 
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In general the internal CFT will be an orbifold theory and we will have to consider 
different orbifold blocks, which will be labelled by J. For each of these blocks there is 
a different Narain lattice Tj with different ctj,(3j , and we will denote 



0 j = 9vj(T,aj,Pj). 

(2.7) 

'l’he integral (]2.4j) 

can now be written as [3[ [48j 



Fg — f 

(2.8) 


J 


where 

1 } = 

(2.9) 


In this equation, V g (q) is a one-loop correlation function of the bosonic fields and is 
given by [33 |3j 

e ~' x2 "{i^y = P 2wx)2 ^m (2-io) 

fj(q ) is a modular form which depends on the details of the internal CFT. Finally, the 
quantity Y in 02.91) is a moduli-dependent function related to the Kahler potential as 
K = — log Y. We will also define the holomorphic counterpart V g (q) of V g (q) by 



( 2 . 11 ) 


The quantities V g (q) can be explicitly written in terms of generalized Eisenstein series. 
To do this, one uses the expansion 


27 rtfz 

tfi 0 s ! r ) 


= — exp 


y C(2£Q / x 2 k 

/ , L. -^ 2 k\J)Z 


,k =1 


( 2 . 12 ) 


If we now introduce the polynomials Sk through: 


OO OO 

exp x n z n = ^2 S" 

n= 1 


x„)z 


(2.13) 


n =0 


we can easily check that V g (q) is a quasimodular form of weight (2 g, 0) given by 


'PM = S o ( x k = 


I B 


2k 


k(2k)\ 


e 2 M 


(2.14) 


where B 2 k are Bernoulli numbers, and E 2 k(q) is the Eisenstein series introduced in 
(I A. 91) . We have, for instance, 


Pita) = W 2 (?), VM = ^$El + E i ). 


(2.15) 
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The non-holomorphic modular forms V g are obtained by an equation identical to (12.141) 
after changing E 2 by 

E 2 (t) = E 2 (t) - —. (2.16) 

vrr 2 

The computation of the F g amplitudes involves, then, the determination of the mod¬ 
ular forms fj(q), and the evaluation of the integral over the fundamental domain. The 
first step is easy when there is an orbifold realization. The second step is more involved 
and requires the method first introduced in m in the context of string threshold cor¬ 
rections. This method was further refined and developed in [Ml fl2l 147] - We will refer 
to the approach presented in [24, T2], 07] to calculate these integrals as the lattice re¬ 
duction technique. This technique, which was used to compute the F g couplings in [ 43] . 
computes the integral (12.81) iteratively by “integrating out” a sublattice of the Narain 
lattice of signature (1,1), therefore reducing its rank at every step. In the cases con¬ 
sidered in this paper, where one starts with lattices of signature T 2,2+s , it is sufficient 
to perform the lattice reduction once by “integrating out” a sublattice 

T 1 ' 1 = (z,z'). (2.17) 

The generating vector z is called the reduction vector. The details of the lattice reduc¬ 
tion procedure are rather intricate, and we present some of them in Appendix B. There 
are two general important properties of the result for F g which are worth pointing out. 
The first one is that different choices for the sublattices T 1,1 to be integrated out in 
the process of lattice reduction lead in general to different results for the integral, and 
each of these expressions is valid in a different region of moduli space. The second 
property is that, although the result for the integral (j2.8[) is rather complicated, the 
holomorphic limit 

t —> oo, t fixed, (2.18) 

leads to a rather simple expression for F g . This holomorphic limit is the one needed to 
extract the topological information of F g [Sj. 

We now present some general results on the holomorphic limit of F g , obtained from 
a lattice reduction computation of the heterotic integral (12.81) . For simplicity, we will 
restrict ourselves to the case in which one has a single lattice involved in the integrand 
(12.8[) . and a = (3 = 0. In general, the integrand will be a sum over different orbifold 
blocks and different lattices Tj with nonvanishing ot,f3. The final answer for F g in 
these cases will be given by a sum over the different blocks. The presence of a, f3 
leads however to nontrivial modifications of the result, as it has been already noticed 
in various papers @8l [271 03 03 00]. We will consider these modifications when we 
analyze the FHSV model. Most of the results we will present have been obtained in 
[ 43] . although we will consider a slightly more general situation which will be needed 
for the FHSV model. 
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We first introduce some necessary ingredients to write down the answer. First of all, 
the norm |z + | J of the projected reduction vector depends on the Narain moduli of the 
compactihcation as 

M 2 = f, (2-19) 

where Y = e~ K is the moduli-dependent quantity introduced in (12.9p . and v is a real 
number related to the norm of z. In the STU model considered in [53], v — 1, but 
as we will see in general it can take other values. We will label an element p K of the 
reduced lattice by a vector r of integer coordinates. The resulting expression for the 
holomorphic limit of F g depends on the moduli through the combination [53] 

exp ^2vri (p K , p/N) + ^ ■ (2.20) 

The different ingredients in this expression are explained in detail in Appendix B. The 
first term of (12.201) comes from the exponent in the second line of (IB.131) . and the 
second term comes from the argument of the Bessel function in (IB.131) . One can easily 
seen, by using the explicit expressions for the different quantities involved, that the 
exponent in (I2.20p can be written in the form 

z/“227rir • y , (2.21) 

where y is a vector of holomorphic coordinates for the heterotic moduli space (which is 
related to t , the flat coordinates in the positive Kahler cone in the type II realization, 
in a simple way). We will see concrete examples of this in the calculation for the FHSV 
model. Finally, we define the coefficients c g {n ) through 

^s(?)/(?) = S ^ J C g {n)q n . (2.22) 

n 

The final expression for F g is: 

°o _ x 

F g (t) = z/- 9 ^c 9 (r 2 /2) 72 ™' V - (2-23) 

r>0 1 =1 

In this equation, r 2 is computed with the norm of the reduced lattice K, and the 
restriction r > 0 means that we consider vectors such that Im(r • y) > 0, as well as a 
finite number of boundary cases j25> 03] . The sum over £ in (I2.23P can be written as 

U 3 - 2g (e"~ h ™- y ), (2.24) 

where Li n is the polylogarithm of index n defined as 

OO L. 

w-iAf 

k =1 
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(2.25) 















In the above expression for F g we are not taking into account constant terms as well 
as polynomial terms in y and Irn y which also appear in the heterotic computation 

mm- 


2.2 BPS content of the F g couplings 


As shown in [2TI " 25] , the couplings F g are BPS-saturated amplitudes and they can be 
regarded as generating functions that count in an appropriate way the BPS states of 
the J\f = 2 compactihcation. The underlying structure of the couplings was further 
clarified in the work of Gopakumar and Vafa isp, who gave a precise formula for 
the BPS content of the F g in terms of bound states of D0-D2 branes in a type IIA 
compactihcation on a CY threefold A". These bound states lead to BPS particles in 
four dimensions labelled by three quantum numbers. The first quantum number is the 
homology class r G H- 2 (X, Z) of the Riemann surface wrapped by the D2. The other 
two quantum numbers are given by the off-shell spin content ji, Jr with respect to 
the algebra su(2) L x su(2) fi of the rotation group -SO(4). Let us denote by N g 3^3 (r) 
the number of BPS states with these quantum numbers. This number is not invariant 
under deformations, therefore [21] considered the index n g {r ) defined by 

OO 

(~ 1 ) 2j3r ( 2 Jr + WviMLiiJ = n a ( F) I 9 > ( 2 - 26 ) 

F f} t 9 =0 


where I g = [(|) L + 2 (0)l] <S)£/ - The integer numbers n 9 (r), which characterize the 
spectrum of D2-D0 bound states in CY compactihcations of type IIA, are called 
Gopakumar-Vafa (GV) invariants. 

Let us now consider the generating functional of topological string amplitudes 


f(A) = 5>„(f)A 2 » 

9 =0 


-2 


(2.27) 


According to |21j . the worldsheet instanton corrections to F( A) can be obtained by a 
Schwinger one-loop computation involving only the D2-D0 bound states: 

2g-2 


= E E E 

9=0 t£H2(M,7j) m =—oo 


n g (r) 


ds / . s 

2 sm 

2 


exp 


— (r ■ t + 27rim) . (2.28) 
A 


In this formula, the sum over m is over the number of DO states bound to the D2s, and 
we have taken into account that the index n g (r) is independent of m. After a Poisson 
resummation over m one finds [2Tj : 



(2.29) 
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Notice that the sum over d in (12.291) plays the same role as the sum over t in the 
heterotic computation (12.231) . This expression, which takes into account the spectrum 
of “electric” states associated to D2-D0 branes, is valid in the large radius limit of 
the CY compactification, since in this region the lightest states are indeed the D2 
and DO branes and their bound states, while the D4 and D6 “magnetic” states are 
heavy. Equation (I2.29j) leads to strong structural predictions for the topological string 
amplitudes F g when written in terms of GV invariants. Up to genus 4, one finds (for 
the instanton part) 


F 0 = Mr)U 3 (e~ rt ), 

r£H 2 (M,Z) 

'n 0 (r ) 


*= E 


reH 2 (M,Z) 


12 


+ ni(r) Lii(e r ’ t ), 


*= E (w +B »( r 0 u - l(O ' 

r£H 2 (M, Z) ' ' 

y /noW_Mr) () V ( 

^ \ 6048 12 V 3V 

( A/T r 77\ ' ' 


reH 2 (M,Z) 


n= E 

r&H 2 {M, Z) 


(2.30) 


/ Mr) Mr) _ rrjM Li_ 5 (e -rf ). 

v172800 360 6 4V ; 1 5V ; 


In the simple case where v — 1, the heterotic result (12.231) leads to a simple generating 
function for the GV invariants. To see this, notice that, if we write 

OO 

f(A)=E E (2.31) 

9=0 r£H 2 (M,Z) 

then from (12.291) one has the following relation for fixed r 

oo , , \ 2g —2 oo 

X/U( r ) ( 2 sin — J =^N g (r) A 2ff ~ 2 , (2.32) 

9=0 ' ' 9=0 

Under heterotic/type II duality, and with an appropriate choice of lattice reduction, 
the reduced lattice K that appears in the heterotic computation becomes the Picard 
lattice of the K3 fiber Pic(K3), and the vectors r label homology classes in this lattice. 
According to (12.231) . one has that N g (r) = c g (r 2 /2), where the c g (n ) are defined in 
(|2.22|) . If we now use (12.lip and the product representation of di{y\r) given in (IA.4p . 
we find 

CO 

^2 n 9 ( r )z 9 q r2/2 = (2-33) 

r€Pic(K3) 9=0 
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where z = 4sin 2 (A/2), and £(z) is the function that appears in helicity supertraces (see 
for example (32, US]) 


f w= n 


(1 — g™) 5 


n=1 


1 — 2 q n cos A + q 2n ^ (1 — q n ) 2 + zq 


n 


(1 -q n f 


(2.34) 


A similar expression was written down in [29] in a particular example. Equation (12.331) 
applies to many different heterotic duals, like the ones studied in [431133] . Notice that, 
if the modular form /(g) has an expansion in q with integer coefficients, then integrality 
of n g (r) is manifest. The final result for the generating functional of the n g (r ) involves 
a model-dependent quantity (the modular form /(g)) as well as the universal factor 
/ 2 (^). Therefore, in these heterotic models, the enumerative information of the F g s is 
encoded in a single modular form /(g), and this leads to a powerful principle which 
can be used to determine these couplings in a variety of models [33] . 


3 The FHSV model 

In this section we will introduce and study the FHSV model of [18]. We will first 
discuss the heterotic side and give some details about the one-loop partition function 
which will be needed in the computation of the F g couplings. Then we discuss the 
type IIA side and the geometry of the Calabi-Yau, which will be important to give an 
interpretation of the couplings and in the B-model analysis of section 6. 

3.1 The heterotic side of the FHSV model 

The FHSV model is defined, on the heterotic side, by an asymmetric orbifold [18] . One 
first considers the splitting of the compactihcation lattice T 6,22 as 

r n = r]’ 9 © r^’ 9 © r s u © r 2 - 2 © ry, ( 3 . 1 ) 

where each of the T 1,9 can be further decomposed as 

r 1 ’ 9 = r^’ 1 ©F 8 (-i). (3.2) 

We now act with a Z 2 symmetry as follows: 

\Pi,P2, Pa, Pa, Ps) -> e mS ' P3 1 p 2 ,Pi,Ps, ~Pa, ~Ps) (3.3) 

where 5 = (1,-1) € T/ 1 , and 5 2 = —2. Therefore Z 2 acts as an exchange symmetry 
in the direct sum T}’ 9 © r],’ 9 , as a shift in T/ 1 , and as —1 in T 2,2 © T^ 1 . It is easy 
to see [18] that this asymmetric orbifold leads to an heterotic string compactihcation 
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J 

1 

2 

3 

(j 

2 

1/2 

1/2 

otj 

5 

0 

5 

Pj 

0 

5 

5 


Table 1: (j, aj and (3j for the different blocks 


with J\f = 2 supersymmetry in four dimensions. The massless spectrum consists of 11 
vector multiplets, 11 hypermultiplets, and the supergravity multiplet. 

The vector multiplet moduli space for this compactihcation is given by 


SL(2, Z)\SL(2, R)/SO( 2) x M, (3.4) 

where 

M = 0(T 1 )\0(2,10)/[O(2) x 0(10)], (3.5) 

and O(Ti) is the group of automorphisms of the lattice 

r 1 = r s 1 ’ 1 ®r^ 1 (2)©E 8 (-2). ( 3 . 6 ) 


This is in fact the lattice associated to the untwisted, projected sector of the orbifold. 

As a warm up exercise, we will now compute the one-loop partition function of the 
FHSV orbifold, since the results will be useful for the computation of the F g ampli¬ 
tudes (the hclicity supertrace generating function of this model has been independently 
computed in the recent paper USD- We will denote by Z[ h ] the partition functions on 
the sector twisted by h and with the g element inserted. Here, g, h — 0,1 in the usual 
way. 

Let us first consider the bosonic sector. In the untwisted, unprojected sector we 
simply have 



1 

2 t; 24 (t)77 8 (t) 


©i^(t). 


(3.7) 


In order to consider the other sectors, we introduce the lattices Tj with <7 = 1,2, 3: 


rj = ry© r y(o)eB 8 (-o), 


(3.8) 


The values of (j , cxj, f3j are given in table 1. The three different cases J = 1,2,3 
correspond respectively to the orbifold blocks 01, 10 and 11. In the untwisted, projected 
sector we identify the two sets of bosonic excitations associated to the two T 1,9 lattices. 
This amounts to a doubling of the r parameter in the nonzero modes [36] - We then 
find, 



4 

fj 9 ( 2 r)? 7 ( 2 r)f 7 3 (r)// 3 (r) 


v(t) 

#[o](t) 


3 

©ri(r, 5,0). 


(3.9) 
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For the 10 and 11 orbifold blocks we find 




4 

f; 9 (r/2)?7(r/2)7/ 3 (r)r7 3 (r) 

4 

rf(^)77(^)rf(T)77 3 (T) 


v( T ) 

*E](r) 

hO) 

^[oK t ) 


3 

@r 2 (r,0,h), 


3 

Sr 3 ( r .M). 


(3.10) 


In the 11 block, the ' in the theta f un ction indicates that the sum over lattice vectors 
includes an insertion of 


Mr 


(3.11) 


where v is the projection of p onto T 1,1 ^) © E$( —|). 


Let us now consider the fermionic sector in detail. The fermions in the T 2,1 lattice do 
not change under the Z 2 symmetry, so together with the fermions in the uncompactified 
directions we have 



(3.12) 


The orbifold blocks for two complex fermions with symmetry 0 —> —-0 are given by 
(see for example [32], eq. (12.4.15)): 


Tj 2 

Therefore, for the fermions in T 2,2 © Tj’ 1 one finds 


yS \h 
r 2 . 2 ®rJ' lL 9' 




Tj 


3/4 


(3.13) 


(3.14) 


The treatment of the two fermions coming from T 1,9 © T 1,9 is slightly more delicate. 
The 00 block in the a, b sector is simply 


^ri,9 ffir i,9 to] £] 


^[g]( r ) 

v{t) 


(3.15) 


Let us now analyze the invariant states in the NS sector. A convenient basis for the 


Hilbert space H.^1 ® 7d^s 

is given by 


(Vm 

..©w 0^ •• 

^-n 2 k t —m\ 

•dl ± (1« 2) 


■ 0 (2) 

V- -n 2 k+i r-m 1 

' V’-maz+j T (1 * 


(3.16) 


where rii,mi > 0 are half-integers. The above states have the sign ±1, respectively, 
under the Z 2 symmetry generator g which exchanges the two lattices. It is easy to see 
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that in computing the trace over the Hilbert space with an insertion of g , the above 
states cancel except when the (1) and the (2) content is the same. Therefore, only the 
states 


V’-n, • • • V’-n afc+1 V’-n 1 ' ' ‘ V’-n 2fc+1 |0), 

V’-m • • • V’SLV’-m ' ' • V’-ijO) 


contribute to the trace, with signs —1 and +1 under g, respectively. An odd number 
of fermion oscillators leads to a —1 sign, but this is like having an insertion of (—1) F . 
We then find 


Tr, 


'uW^n-{( 2 )9 Q 


Lg—c/24 _ 


Kns 


q2L 0 -c/12 


r m* r) y 

V h(2r) ) 


(3.18) 


where the doubling in r is due to the doubling in the oscillator content. Notice that 
the insertion of (—1)* in the above trace does not change anything, since (—l)^ 1 and 
(—1) F2 cancel each other, therefore 


^r 1 .9®r 1 .9 [?][&] 


V v(2r) ) 


(3.19) 


and the expressions for the other blocks can be obtained by modular transformations. 

Putting all these results together, we can write up the one-loop partition functions 
for the different blocks. One finds, for example: 



2?7 24 (t)?7 8 (t) 


Ot 


m£( 

a,6 


-i) 


a-\-b-\-ab 


7](r) 




(3.20) 


for the 00 block. For the 01 block, one finds 

4 1 — 

ZI?1 >(2r)„(2T)|„(r)|3 |tf[;](r)|3 6 ’ ri(r ’ lS ' 0) 

p[g](r)) 3/2 p[;](r)) 3/2 p[8](2r)) 1/2 -p[;](2r)) 1/2 (3 ' 21 > 

’) 3 ( r ) (i?(2r)) 4 


3.2 The type II side of the FHSV model 

The dual type II realization of the FSHV model is a compactihcation on the Enriques 
CY M with holonomy £77(2) x Z 2 . The two covariant constant spinors of opposite 
chirality on M lead to TV" = 2 supersymmetry in four dimensions, but many features 
of the model are between the SU{ 2) holonomy case with TV" = 4 supersymmetry and 
the generic situation with SU (3) holonomy and TV" = 2 supersymmetry. 

The compactihcation manifold M of the type II string is constructed as a free quo¬ 
tient of the manifold Y = K3xT 2 . The Zo acts as the free Enriques involution [5] on the 
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K3 and as inversion Z 2 : z i—> — z on the coordinate z of the T 2 . If T 2 = C/Z 2 is defined 
by z ~ z + 1 ~ z + r, we have four Z 2 fixed points at {pi,P 2 ,P 3 >P 4 } = {0, §, | + |}. 

The geometry of the T 2 /Z 2 orbifold is that of a P 1 with area Im(r)/2 and four conical 
curvature singularities at the pi each of which has deficit angle 7 r. The total space M is 
a K3 fibration over the P 1 , and by construction it has Enriques fibres E of multiplicity 
two, over the four pJE 

Every Enriques surface E = K3/Z 2 is a free quotient of a K3 by the Enriques 
involution p : K3 —> K3. In order to construct a type II realization of the FHSV 
model, one first notices that the two-cohomology lattice H 2 ( K3,Z), 

r K3 = r 3 * * ’ 19 = r}’ 9 © r 1 / © r 1 / (3.22) 

can be identified with the same blocks that appear in (13.11) . The Enriques involution 
p*(pi ffi P 2 ©P 5 ) = p -2 ©Pi © (— P 5 ) on TK 3 acts as in (13.31) . The T 3,1 lattice is spanned 
by if°(K3, Z) and H A { K3, Z) in the type II realization, and after quotienting by the 
involution p it can be identified as 

r 1 / = H°(E,Z) ®H a (E,Z). (3.23) 

The shift on this lattice in the orbifold (13.31) corresponds to turning on a Wilson line 
expectation value for the RR 17(1) fields pE]. 

Some properties of the model are most clearly seen in an algebraic realization. We 
realize the two-torus as a hyperelliptic branched twofold covering of P 1 , with homoge¬ 
neous coordinates denoted by w : x, and described by the equation 

y 2 = h(w : x). (3.24) 

The Z 2 acts as k : y 1 —> —y, and the fixed points are the four branch points pi of the 

degree four polynomial f±{w : x) = 0. The holomorphic (1,0) form 

Wi,0 = — (3.25) 

y 

is anti-invariant. 

A similar realization of a K3 admitting the Enriques involution p is as a double 
covering of P 1 x P 1 branched at the vanishing locus of a bidegree (4,4) hypersurface in 
P 1 x P 1 J5J 28j. The total space is a eighteen-parameter family of K3 surfaces 

y 2 = / 4 , 4 (s : t,u : v) . (3.26) 

3 It also exhibits an elliptic fibration over the Enriques E surface with four sections. An Enriques 

surface itself has two elliptic fibres with multiplicity two and can be obtained from d,Pg -a P 2 blown 

up in nine points- by a logarithmic transform on two fibres. 
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The Enriques involution acts freely as 


p: (y,s :t,u:v) (-J 7 , s : ( -t),u : (-u)) (3.27) 


on a symmetric but otherwise generic slice of the family. The holomorphic (2, 0) form 
is given by 


<^ 2,0 


sudt A dv 

y 


(3.28) 


Since p acts freely, the fundamental group of the Enriques surface E is Z 2 and the 
Euler number is x(E) = y(K3)/2 = 12. As u; 2)0 (and u; 2i o = 0 * 0 , 2 ) is anti-invariant, the 
cohomology groups have dimensions h 0() = h 22 = 1, /?. 10 = h 01 = h 20 = h 02 = 0 and 
h 11 = x(E) — 2 = 10. The canonical bundle is a two torsion class, i.e. /if 2 = Oe, 
hence non trivial: Ke ^ Oe- On the blow up of the special configuration with 


/ 4 , 4 = (u — v){u + v)(as A {u 2 — v 2 ) + bs 2 t 2 {u 2 — v 2 ) + t 4 (cu 2 + dv 2 )) (3.29) 

and with Picard number 18, one can explicitly check [5] that the invariant part Tf 3 
and anti-invariant part T^ 3 of T 3 ’ 19 under p* are 

r+ 3 = r 1J ( 2 )©E 8 (- 2 ), rr ;3 = [r u ( 2 )©B s (- 2 )]®ry. ( 3 . 30 ) 

The middle cohomology // 2 (E,Z) is isometric to the lattice 

rE = lrj 3 = r 1 ' 1 (i)©B 8 (-i). ( 3 . 31 ) 

The Calabi-Yau manifold M is constructed as M = (K3 x T 2 )/Z 2 , where the Z 2 acts 
as 

(p, k) : ((y, s : t,u : v,y,w : x) h-> (—3^, s : —t, u : —v, —y : w : x). (3.32) 

On the generic K3 fiber the Z 2 acts as the monodromy p, when the corresponding base 
point is transported in a loop around the special points pi. The Z 2 part of the holonomy 
is generated as follows. A tangent vector v G T m transported over a nontrivial loop in 
the base (13.241 around two points of total deficit angle of 7 r is inverted: v 1 —► —v. I 11 
the base direction the inversion occurs because of the deficit angles, and in the fiber 
direction due to the monodromy p. 

The cohomology of M is easy to find, fl = u; 2)0 A a;i j0 is invariant and becomes 
the unique, nowhere vanishing (3, 0)-form on M. The 10 invariant (1,1) forms uj , 
i = 1 ,..., 10 in r+ 3 , together with the volume form on P 1 , uq^, give 11 harmonic 
forms in // 1,1 (M, Z). We will adopt the type IIA interpretation in which the vector 
multiplets are mapped to the complexified Kahler moduli. Notice that the heterotic 
moduli of the Narain compactification are mapped to the Kahler moduli of the fiber 
(as we will make explicit in the next section), while the heterotic dilaton S is mapped 
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to the complexified Kahler modulus of the P 1 base. Since %(M) = 0, one has lx 2 ' 1 = 11. 
Ten of these forms can be explicitly constructed by taking the ten forms in T^ 3 of 
type (1,1) and forming their wedge product with The remaining (2,1) form is 
<^2,0 A 0*0,1- 

The moduli space of M has two different types of singular loci pirn which lead 
to conformal field theories in four dimensions. The first degeneration comes from the 
shrinking of a smooth rational curve eeT^ with e 2 = —2. Since P 1 has no unramified 
cover, the preimage of e in Tk3 must be the sum e\ + e 2 of two spheres e\, e 2 in Tk3 
with e* G T ? -’ 9 and p*(e 1) = e 2 . If e goes to zero size so do e\ and e 2 in T K 3. The 
shrinking P 1 leads to an SU(2) gauge symmetry enhancement: in type IIA theory, a 
D2-brane wrapping the P 1 with two possible orientations leads to massless W ± bosons, 
which complete the corresponding 7/(1) vector multiplet to a vector multiplet in the 
adjoint representation. This is plainly visible in the spectrum of the perturbative 
heterotic string, where the gauge group is realized by a level 2 WZW current. For 
each vanishing e\ + e 2 in T^ 3 there is a vanishing e± — e 2 in the first summand of T^ 3 
which leads to a hypermultiplet, also in the adjoint representation of the gauge group. 
We then obtain for this point the massless spectrum of J\f = 4 supersymmetric gauge 
theory, which has a vanishing beta function and no Higgs branch. 

The second degeneration is again plainly visible in the perturbative heterotic string 
and arises if one goes to the selfdual point in the lattice Fy 1 factor in (13.11) . As usual 
one gets a £77(2) gauge symmetry enhancement at level 1. In addition one gets four 
hypermultiplets in the fundamental representation of SU( 2), one from each fixed point 
of the T 2 . The resulting gauge theory is J\f = 2, £77(2) Yang-Mills theory with four 
massless hypermultiplets. This theory has a vanishing beta function and it is believed 
to be conformal [5TJ. It also has a Higgs branch which leads to a transition to a generic 
simply connected CY with £17(3) holonomy and Hodge numbers /i 2 1 = 10 and hn = 16 

ns a- 

An interesting difference between the two degenerations is that the first one occurs 
when a two-cycle of the covering K3 becomes small, while in the second one the full 
K3 surface has a volume of order the Planck scale [4]. 

The fact that these degenerations are associated to conformal theories indicates that 
there are no genus zero contributions to the Gromow-Witten invariants in type IIA 
theory on M [18]. For these degenerations, the Kahler class of the base is identified 
with the scale of the gauge coupling constant. An eventual scale dependence in Af = 2 
supersymmetric theories comes from a one-loop correction to the beta function, which 
corresponds to worldsheet instantons with degree zero in the base, and from space 
time instantons, which are in turn related to the growth of worldsheet instantons with 
non-vanishing degree in the base. Both contributions are expected to vanish for the 
conformal theories. Later we will check with explicit computations that indeed there 
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are no worldsheet instanton corrections to the type IIA prepotentiafl 


4 Heterotic computation of the F g couplings 


In this section we compute the couplings F g in the heterotic side. It turns out that there 
are two natural lattice reductions to perform the computation: the geometric reduction, 
and the Borcherds-Harvey-Moore (BHM) reduction. We will present the results for the 
couplings in both reductions and we will also propose a type IIA interpretation of these 
results. 


Before doing the lattice reduction, we have to evaluate the integrand (12.81) for the 
heterotic FHSV model. This is rather straightforward by using the results of the 
previous section. We have four orbifold blocks, but the first block (corresponding 
to h — g — 0) vanishes. The blocks (h,g) = (0,1), (1, 0), (1,1) will be labelled by 
J = 1,2,3, and an easy computation shows that the modular forms fj(q) in (12.91) are 
given by 


/i(<?) 


128 


2 

q 


n(WT i2 > 

n =1 


h (q) 
Mq) 


4 

4 

7? 6 (t)^(t) 


IF 1 -«”)““(!-9"“ 1/2 )“ 12 . 

n =1 
oo 

4^n(i-^- i2 (i + ^- i/2 )- 12 . 

n =1 


(4.1) 


The Narain lattices for J = 1,2,3 are given in (13.81) . and the corresponding theta 
functions in (12.91) are the same ones that appear in the computation of the one-loop 
partition function in the previous section. The modular forms in (14.11) have the right 
modular weight: the conjugate Narain-Siegel theta function for a lattice of signature 
(2,10) with 2g — 2 insertions has modular weight (5, 2g — 1), the modular form V g has 
modular weight (2 g, 0), and the insertion has modular weights (—2g + l, —2g + l). 
Taking into account that the weight of the forms fj(q) is (—6,0), we see that the 
integrand in (12.81) has zero modular weight, as it should. Notice that the Narain-Siegel 
theta functions involve nonzero a, [3 and lattices which are not self-dual. This means 
that we will have to modify in an appropriate way the computation in [43]. We will 
now present the computation of the couplings in both reductions. 


4 A direct A-model argument can be given using relative Gromov-Witten invariants |45| . 
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4.1 The geometric reduction 

In order to apply the reduction technique we need explicit formulae for the projections 
of the lattice, that in turn depend on the moduli. Let us write a vector p E Tj as 


p = {n,m,n 2 ,m 2 ,q), (4.2) 

where ( n,m ), ( 712 , 7712 ) are integer coordinates on T],’ 1 and r^’ 1 (('j), and q is a vector of 
integer coordinates in the Eg lattice. The norm of p is given by 

p 2 = P 2 r-P 2 l = 2nm + (j(2n 2 m 2 - q 2 ). (4.3) 

Since the lattices Tj have two T 1,1 factors, there are two natural reductions that one 
can use. The first one will be referred to as the geometric reduction. The reason for 
this name is that, as we will see, this reduction leads to an expression for F g which 
is valid in the large volume limit of the Kahler moduli space and gives a generating 
functional of Gromov-Witten invariants, or equivalently, of BPS invariants that count 
D2-D0 bound states. In the geometric reduction, one chooses the reduction vector 

2 = (1,0)6 Ip. (4.4) 

We then have z' = (0,1) E T^ 1 . The reduced lattice is 

Kj = E 8 (-Cj) ® r^(G), J = 1 , 2 ,3. (4.5) 


Different choices of reduction vectors correspond to different choices of cusps in the 
moduli space, and in particular lead to different parameterizations of this space. To 
make this explicit, we remind that the exact moduli space of vector multiplets for the 
Kahler parameters of the fiber is the coset 0(2,10)/[0(2) x 0(10)]. This coset is given 
by the following algebraic equations satisfied by the complex variables (uq, ■ ■ ■ ,wi 2 ) 


10 


E ki 2 - \ wu \ 2 - \ wi2 \ 2 = - 2Y > 


i =1 


10 


(4.6) 


E 2 2 2 n 

Wi - W n - w 12 = 0 . 


i= 1 


The quantity Y above is the same one that appears in (12.91) and the mass formula gives 


M 2 = 


\v ■ w\ 
Y 


(4.7) 


where the vector v is defined by 


i 1 1 1 1 1 1 

v= [ CjQ,m - -n, Cj (7 ti 2 - -n 2 ),m + -n, Cj (m 2 + -n 2 ) ) ■ (4.8) 
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For the reduction vector (|4.4[) it is convenient to parameterize the coset by ten inde¬ 
pendent complex coordinates 

y = (y + ,y~,y), (4.9) 

which are defined as follows 

1 2 

Wj =Vj , j = 1, • • • , 8, w g = 1 + -y , 

W\o =\{y + -2y"), i«n = -1 + J?/ 2 , (4.10) 

1 , 

W 12 =-(r +2y ), 

where the (complex) norm of the vector (14.9p . y 2 , is dehned by 

y 2 = 2y + y~-y 2 . (4.11) 

We will denote by yf, y 2 the imaginary parts of these moduli. From the above param¬ 
eterization one finds, 

Y = (Im yf = 2y£y 2 - y 2 2 , (4.12) 

and pr — v ■ w/Y^ e C is given by 

1/1 i i i \ 

p r = yi/2\ n+ 2 my2 + O m2y+ + O n2y ~ + Qq ■ vb ( 4 -is) 

With this parameterization, the resulting topological couplings will have good conver¬ 
gence properties in the region Im y oo. Notice that 

l*+l = -h. (4.14) 

1 2 

therefore v = 1. It is easy to evaluate the exponent of (12.2011 . which in this case it is 
equal to 

2(/rir - y = 2n\Q (in 2 y + + n 2 y~ + q-y^j, (4-15) 

We can now proceed to evaluate the integral (12.4lh The hrst thing to observe is that, 
with the choice of reduction vector (14.41) . only the untwisted sector J = 1 contributes. 
The reason for that is that in the twisted sectors J = 2,3, the lattice T),’ 1 where the 
reduction is performed has the shift (3j = 5 = z — z' . As shown in section 5 of m in 
those cases the integral over the fundamental domain is zero. This is easy to understand 
by looking at the expression (IB.101) in Appendix B. The effect of this nonzero (3 is to 
shift c —c — 1/2. As this integral is effectively evaluated when |z + | —> 0, the integrand 
vanishes. On the other hand, the theta function associated to T \ in the untwisted, 
projected sector J = 1 includes a phase e mS ' p . It was shown in [iQj that the effect 
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of this phase is to shift the integer £ in (IB. 101) as i —> i — This means that the 
polylogarithm in (12.231) becomes 

2 m U m (x 1 z)-U m (x), (4.16) 

with m = 3 — 2g. In order to write the argument of the polylogarithm, we will relabel 
m 2 ,n 2 —■ y m,n, and introduce the moduli parameters t = (t + ,t~,i) as 

- 2vri y = y/2t. (4.17) 

The integer vector r in (14.151) reads 

r = ( n , m,q) eV E = T 1 ’ 1 © £ 8 (-l), (4.18) 

and it follows from (13.311) that it labels two-cohomology classes in the Enriques fiber. 
It has norm r 2 = 2 mn — q 2 . The argument of the polylogarithm is 

£2 = exp(—r ■ t), r ■ t = mt + + nt~ + q ■ t. 


U m( x ) =Y,Tr,l 


OO 


X k +\ 


1=1 




The final formula for the F g is then 


F g (t) = '52 c g (r 2 )<| 2 3_29 Li 3 _2 5 (e _r ' t ) - U 3 _ 2g (e~ 2r t ) 

r> 0 


(4.19) 


where 

c a( n ) ( l n = fM)F g {.q), (4.20) 

n 

fi(q) is given in (14.11) . The restriction r > 0 means that [21] n > 0, or n — 0, m > 0, 
or n = m = 0, q > 0. The reason that the above formula involves c 9 (r 2 ) instead of 
c g {r 2 / 2) as in (12.231) is simply that the norm of the reduced lattice is twice the norm 
of the lattice in (14.181) . Notice that due to the shift in i there is no contribution from 
the “zero orbit” (IB. 121) . The above expression is only valid in principle for g > 0, and 
the computation of the prepotential involves a somewhat different procedure explained 
in pMj. It is easy to check however that the worldsheet instanton corrections to the 
prepotential are given by (j4.19j) specialized to g = 0 (the same thing happens in the 
STU model analyzed in [43]). Since r 2 is always even and fi(q) has no even powers of 
q in its expansion, we conclude that the instanton corrections to F 0 vanish along the 
fiber directions. This is in agreement with the analysis of |18| . 

The genus one amplitude can be written as follows: 


m 


1 

2 



1 - e~ r4 
1 + e- r4 


2ci(r 2 ) 


(4.21) 
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The infinite product appearing in this equation was previously found by Borcherds 
in a related context [I2j• In the Example 13.7 of that paper, Borcherds considers 
two different expressions for the same automorphic form, obtained by expanding it 
around different cusps. Both expressions are denominator formulae for two different 
super algebras. The second denominator formula in this Example is precisely the infinite 
product of (I4.21j) (to see this one notices that the part of 2fi{q)Vi(q) involving even 
powers of q equals the modular form /oo(2t) introduced by Borcherds). 

We now propose the following type IIA interpretation of this computation. As shown 
in (13.231) . the reduction lattice Ty 1 we are choosing here corresponds to the H°(E, Z) © 
H 4 (E, Z) cohomology of the Enriques surface, and z and z' are integer generators 
of H°(E,7j) and H i (E 1 7j), respectively. The remaining lattice can be identified to 
H 2 (E, Z), and indeed r in (j4.18[) is a set of integer coordinates for two-homology 
classes on the Enriques fiber. For this reduction, the region of moduli space where 
Im y —> oo is the region where the D2s and the DO are light (as shown in (14.131) . their 
mass goes like 1 /Y% and y/Y 2 , respectively) while the D4s are heavy (their masses go 
like y 2 /Y 2 ). Therefore, the region Im y where this reduction is appropriate is the region 
of moduli space where the D2 and DO are the lighter states, and the D4s wrapping 
the Enriques fiber are heavy. This is the large volume limit, and we expect the answer 
for F g to encode information about Gromov-Witten invariants of the Enriques fiber. 
The sum over £ in (12.231) can be interpreted as the Poisson resummation of a sum over 
DO brane charges (notice that £ appears after Poisson resummation of the integer n in 
(I4.13I) ). and the shift in (14.161) corresponds to the RR Wilson line background along 
the H°(E, Z) direction [IS) 4], To substantiate this interpretation, we will see in the 
next section that (j4.19[) matches with the geometric computation of BPS invariants 
proposed in EB- Moreover, in section 6 we will find perfect agreement of the heterotic 
predictions with a B-model computation of F g for g < 4. 

Although (14.191) is similar to other results obtained for heterotic models, it has some 
additional properties that make it particularly simple. For example, one can show that 


r 

lj dtidtj 


-16F 2 , 


(4.22) 


where C l3 is the intersection matrix of T 1,1 © E$(— 1). This is a consequence of the 
following identity among the coefficients of the modular forms (14.20)1 : 


nci(n) = —4 c 2 (n), n even, 


(4.23) 


which can be proved by comparing the even part of the r derivative of fi(q)Vi(q) with 
the even part of fi(q)V 2 (q)- 

We now discuss the other possible lattice reduction available on the heterotic side. 
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4.2 The BHM reduction 


Since the lattices (13.81) include the sublattice r^’ 1 (Cj), it is natural to compute the 
topological string amplitudes by choosing the reduction vector 

* = (1,0) G tY(Cj). (4.24) 

We call this the Borcherds-Harvey-Moore (BHM) reduction, since as we will see it is 
the choice of reduction made by Harvey and Moore in [|26], and leads to the infinite 
product introduced by Borcherds in mi. The reduced lattice is then 

Kj = T 1 /® E 8 (-(j). 

Since we have chosen a different reduction vector, the associated parameterization of 
the moduli space will be different from the one made in (I4.10I) . We introduce, as before, 
ten independent complex coordinates y = ( y + ,y~,y) defined through: 

Wj=yj, i = 1 , — , 8 , w 9 = ^(y + - 2y~), 

Mho =1 + \y 2 > Mhi = ^(y + + 2y~), (4.25) 

1 9 

w 12 = - 1 + -y . 

Although we have used the same notation for the y coordinates, they are related 
to the w coordinates in a different way than in the geometric reduction. With this 
parameterization, we find 

1 / i i i i \ 

PR = yij- 2 ( ~0n 2 + -Qm 2 y 2 + ny~ + my + + (jq-yj. (4.26) 

Notice that the reduction vector has the norm 

|2+|=(4)\ (4.27) 

hence the quantity v introduced in (12.191) has the value v — (j for each block. The 
exponent of (12.201) is now 

1 —I i 

r ■ y = 27ri()j 2 {ny~ + my + + (}q ■ y)- (4.28) 

The computation of the integral (12.81) is very similar to the one performed in [ 43] . 
which we summarized in section 2 and Appendix B. The answer in this case is a sum 
over the three orbifold blocks J = 1,2,3, involving different lattices. One has now to 
be careful with the effects of the shifts a, f3. Since with this choice of reduction vector 
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the shifts are orthogonal to z, z', they only lead to insertions of phases in the sum over 
the reduced lattice, as well as to shifts in their vectors, and their effect is easy to track. 
To write down the final answer, we first define the coefficients of modular forms: 


V g {q)fj{q) = J ‘2 cJ g (n)q n 


(4.29) 


Then, the couplings F g are given by 

F, = 1 ) m+ v;(mn - ? J )Li 3 _ 2j (e-'-‘) 


r> 0 




r> 0 


l-q 


+ mn + 


m + n 


_ (_iy 2 /2+m+n c 3 


1 — q 2 m + n 

-h mn 4- 


—r*t\ 


(4.30) 


■ Li 3 _ 2g (e 

In this equation, r = (m, n, q), the coordinate t = (i^, t) is defined in terms of y by 

— 27th/ = (V^^ji), (4.31) 


and the inner products in (14.3011 are given by 

r • t —mt + + nt~ + q-t, 
r -kt —(2m 4- l)t + 4- (2 n + l)f _ + q-t. 


(4.32) 


The insertions (—l) m+Tl in the first and last block are due to the nonzero a = 5, while 
the shift in the second inner product in (14.32j) is due to the shift by (3 = 6, and we have 
relabelled n —> n 4- 1. Finally, the insertion of (—1 )^ 2 / 2 in the J = 3 orbifold block 
comes from the insertion (13.lip . 

The expression (14.301) can be simplified as follows. First, one notices that c^(l/4 4- 
p/2) equals (—l) p+1 c^(l/4 4- p/2). This is easy to see by noting that they are the 
coefficients of modular forms related by q 5 —> — q?. Therefore, the J = 2 and J = 3 
contributions are equal and add up. We will call their contribution the contribution of 
the twisted sector, while the contribution from J = 1 will be called the contribution of 
the untwisted sector. It is easy to see that the polylogarithms whose argument involves 
a Kahler class of the form mt + + nt~ 4 -q-t with n and m both odd receive contributions 
from both the untwisted and twisted sector, while if m or n is even only the untwisted 
sector contributes. In the first case, the contributions come from the coefficients of odd 
powers in the modular form 


2 1 - 9 V g (q)f l (q ) + 2 9 V g (q 4 )f 2 (q 4 ), (4.33) 


while in the second case they come from the contributions of even powers in the first 
term in (14.331) . However, since the second term in (14.331) has only odd powers of q, we 
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can use the modular form (j4.33[) for both cases. As a last step, one notices by using 
doubling formulae (see Appendix A) that 


64 1 

77 6 (t)'#' ^( t ) ^ 6 (4r) d4(4r) ’ 


(4.34) 


therefore /^(g 4 ) = — 2/i(g). We can finally write down a compact expression for F g as 
follows: 

m = 5] c 9 (r 2 /2)(-l)" + ’"Li ; ,_ 2! ,(e-’'‘) (4.35) 

r>0 

where the coefficients c g {n ) are dehned by 

= fi(q)b- 9 V g (q) - 2^V g (q 4 )\, (4.36) 

n ^ ' 


and in (14.35ft we regard r as a vector in T 1,1 © E$(— 2), i.e. r 2 = 2 nm — 2 q 2 . 

We now consider some particular cases of (14.35ft in more detail. Although the above 
expression is in principle valid for g > 1, one can see again that the instanton corrections 
to the prepotential are given by its specialization to g — 0, and one finds F 0 = 0 due 
to a cancellation between the untwisted and twisted sectors. Let us now look at g — 1. 
This involves the modular form V\ (q) given in (12. 15[) . The doubling formulae (1A.12D 
gives 

E 2 (t) - 4:E 2 (4t) = -3^(2r), (4.37) 


and one finds 


Ai = 


-^ io ® n) 1 

r>0 



(_ 1 )n+m CB ( r 2/ 2 ) 


(4.38) 


where 


J2 c B(n)q n 


?/(2r) 8 

r/(r) 8 ?7(4r) 8 


(4.39) 


This is the modular form introduced by Borcherds in nn, and the above expression 
for F\ agrees with that found by Harvey and Moore in [26J (up to a factor of 1/2 due 
to different choice of normalizations). The infinite product appearing in (14.381) is the 
denominator formula of a superalgebra, and it was pointed out in [Q] that it is actually 
identical to the infinite product in (14 .21 j) . but expanded around a different cusp. This 
is of course expected, since in both cases we are evaluating the same integral, but with 
different choices of reduction vector. 

What is the interpretation of the F g amplitudes in the BHM reduction? In the 
remaining of this subsection, we will make a proposal for what is the enumerative 
content of the topological string amplitudes in this reduction. The first thing to notice 
is that in the BHM reduction the reduced lattice is H°(E, Z) © H a (E,7j) together 
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with the E 8 (— 2) sublattice of H 2 (E,7a), and the integers n and m in (j4.35[) label zero 
and four-cohomology classes. The computation in this reduction is appropriate for the 
region Irn y — > oo in moduli space. However, one can see from (14.261) that this is the 
region where the light states are the DO, the D4 wrapping the Enriques surface, the D2s 
in Es(— 2), and one of the D2s in T^’ 1 , while the other D2 in this sublattice (labelled 
by m 2 in (14.261) ) is heavy. Therefore, we are not in the large radius regime, and the F g 
amplitudes computed with this reduction do not have an enumerative interpretation 
in terms of Gromov-Witten theory. It is easy to see that they do not lead to integer 
GV invariants, and indeed we will see in the next sections that the usual Gromov- 
Witten/D2-D0 counting interpretation has to be reserved for the geometric reduction 
considered in the previous subsection. The F g couplings in the BHM reduction must 
be counting bound states of the light states associated to this cusp. One hint about 
their BPS content comes from writing the generating functional as 


EE ^’ W ' 2 * 2 "- 2 

g=0 r >0 


Mv) 


e(\ + ,g) e 2 (A-,g 4 ) ) 

4sin 2 (A+/2) 4sin 2 (A_/2) J ’ 


(4.40) 


where £(A ,q) is given in (12.34j) . and 


A± = 



(4.41) 


The derivation of il 1. 101) is very similar to the derivation of (12.331) . This expression 
suggests that there should be a formula similar to (I2.28p . in which one does a Schwinger 
computation including the light states appropriate for this region of moduli space. The 
role of the DOs in the computation of [21] is now played by the light D2s in the reduction 
lattice. Since the BPS masses of these states have an extra factor z/^, the Schwinger 
integral in (12.281) becomes 





• y + 2mv 



E 

i=i 


1 

( n . £\' 

to 

to 

1 

to 

r ^ i 

£ 

2 sm —- 

J ex p 

—-r ■ y 

V 2z/2 , 

L Z/2 -1 


(4.42) 


where U 2 is the number of light D2 states. This fits with the heterotic expression given 
in (I2.23p . and has the effect of rescaling the string coupling constant by 

A - 4. (4.43) 

Z/2 

which explains the overall factor v 1 ^ 9 in (12.23P as an effect of this rescaling, as well as 
the appearance of (14.41 j) in (14.401) . In order for the logic of [21j to apply, however, it 
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8 

0 

-2 

0 

-24 

0 

-180 

0 

-1040 

0 

-5070 

0 

1 

0 

4 

12 

64 

172 

576 

1464 

3840 

9396 

21056 

2 

0 

0 

-6 

-32 

-162 

-576 

-1980 

-5760 

-16470 

-42112 

3 

0 

0 

0 

8 

60 

336 

1420 

5280 

17340 

52640 


Tabic 2: BPS invariants (—1 ) n+m n g (r u ) for the untwisted sector, counting bound states 
of D0-D2-D4 branes on the Enriques fibre. 


was important that the number of D2 branes bound to DO branes is independent of 
the number of DOs. In our case, we would have a bound state problem involving D4, 
D2 and DO, and it is not clear that the number of bound states is independent of the 
number of D2s along the direction of the reduction vector z. On the other hand, we 
expect the number of BPS states to depend only on the norm of the vector of charges in 
the cohomology lattice of the fiber (14.31) . as in the counting on K3 surfaces considered 
in [52, 25]. Since the D2 charge ?i 2 we are summing over in (14.421) is part of the T^’ 1 
sublattice, and we are setting m 2 = 0 in the complementary direction, the norm of the 
charge vector does not depend on 72 , 2 , therefore the degeneracies are independent of U 2 
as in the situation considered in m 

We then propose that (14.401) is a generating functional for an index that counts 
BPS particles keeping track of their helicities, as in |21j . These BPS particles are 
obtained from bound states of D4s wrapping the Enriques fiber, D2s wrapped around 
the curves in the E$ sublattice of the Enriques cohomology, and DOs. As we argued 
above, a formula similar to (12.33ft should hold after taking into account the rescaling 
of the string coupling constant (14.43ft and the fact that we have two different sectors 
(untwisted and twisted). The natural labels for D-brane charges in the untwisted and 
twisted sector are, respectively, 

r u = (n,m,q), r t = (2m + 1, 2n + 1, q). (4.44) 

The difference between the D-brane charges in the two sectors is due to the fact that 
the D-branes in the untwisted sector are double covers of the D-branes in the twisted 
sector. For example ra, the twisted sector contains 4 D4 branes which have half 
the charge of a D4 brane in the untwisted sector. These “fractional” branes differ in 
their torsion charge. Bound states in the twisted sector are made out of one of these 
“fractional” D4 branes together with an arbitrary number of D4 branes with integer 
charge. This is why the D4-brane charge in the twisted sector is of the form 2m + 1. 
In order to count the bound states, we introduce two sets of BPS invariants for the 
twisted and untwisted sectors, n g (r u ) and n g (r t ). Our proposal for their generating 
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0 

0 
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Tabic 3: BPS invariants (—1 ) n+m n g {r t ) for the twisted sector. Notice that r^/2 is 
always odd, as follows from (14. 441) . 


functionals is the natural one from the above results: 

J2(-ir +m n s ,(r»)z’q ri ' 2 =MlK\z, q), 

’’ , (4.45) 

Y J (-lY +m n e (r t )z‘q’-H 2 = - 4/ 1 (,)£ 2 (z, q% 
n 

where the norm of the vectors are computed as before in the lattice T 1,1 © E$(— 2). 
Notice that the extra factor of 4 in the twisted sector corresponds to the D-brane states 
that differ in torsion classes. This factor is in turn related to the four hypermultiplets 
in the fundamental representation of SU( 2) that appear in the Nf = 4 degeneration of 
the type IIA theory. We show some values of these BPS invariants in tables 2 and 3. 

5 Geometric computation of the BPS invariants in 
the fibre 

In this section we will analyze the heterotic predictions for the F g amplitudes in the 
geometric reduction. We will extract the GV invariants and show that they fit with 
the geometrical approach developed in [3lj. This will support our interpretation of the 
geometric reduction as the one corresponding to the counting of D2/D0 bound states. 

As we already mentioned in section 2, the free energy of the perturbative topological 
string can be written in terms of BPS or GV invariants n g {r). The expansion (12.291) 
implies that the BPS invariants of non-constant maps r ^ 0 contribute to F g as 

9 

F 9 = Y1 Li 3-2g( e_r *) a h,9 n h{r) , (5.1) 

r h =0 

with a 9i g = l,a g - 1>g = ^(g — 2)/12,..., a 2 , g = 2(-l) 9 /(2g - 2)!, a l)9 = 0 ,a 0>g = 
\B 2g \/(2g(2g — 2)!). With (15.11) we rewrite now (14. 19)1 in terms of the BPS invariants. 
In the type II picture they are expected to correspond to an integer index in the 
cohomology of the moduli space of D2 branes wrapping curves in the fiber direction of 
M. Let us now extract these invariants from (14.191) . 
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Tabic 4: BPS invariants n° dd (r) G Z for the odd classes r in the fiber direction. 


If at least one entry in r 6 Tg = T 1,1 © E 8 (~ 1) is odd, the second term in (14.191) 
does not contribute and we get the invariants n° dd (r) listed in the table 4. Note that 
r 2 G 2Z because Te is even. In particular the prediction that n° dd (r) = 0 follows from 
the fact that the modular form fi(q) in (14. lj) has no even powers. The fact that all 
n° dd (r) are integers is an important check on the consistency of the calculation. 

If all entries in r are even then r 2 G 8Z and we call the class r even. In (14. 191) the 
second term gives a subleading correction to ?r® ven (r), and we again find that all of 
them are integer. The first few are listed in table 5. 

In j2l| the numbers n g {r ) were given a geometrical interpretation. In simple cases 
they can be computed as an index on the cohomology H*(A4) of the moduli space 
M. of D2 branes [31] . By “simple” we mean that the D2 wraps an irreducible and 
possibly mildly nodal curve C G M in the class r. Infinitesimally, the moduli space 
is parameterized by the zero modes on the D2 brane. These form a supersymmetric 
spectrum with 2 g zero modes of the flat f/(l) connection on C parameterizing the 
Jacobian Jac(C) ~ T 2a . Furthermore, there are h 0 (O(C)) zero modes corresponding 
to the deformations A4c °f the curve C. For this reason the total moduli space A4 is 
expected to have a hbration structure 

Jac (C) —* M 

I (5.2) 

M c . 

The cohomology H*( A4) has a natural su(2)^ x su(2) fi Lefshetz action which cor¬ 
responds to the spacetime helicities of BPS bound states. The su(2)gj is essentially 
generated by the Kahler form of the base and the su(2)g by the one of the fibre. The 
dimension of the cohomology group with eigenvalues (r), is not invariant 

under complex structure deformations. However, the index n g (r ) defined in (I2.26j) is 
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Tabic 5: BPS invariants n e ™ n (r) G Z for the even classes r in the fiber direction. 


an invariant. In general, it is not clear how to define the Lefshetz actions on A4. How¬ 
ever, in ra the problem was bypassed by using the Abel-Jacobi map, and the following 
formula for the n g (r ) was derived 

S ~ k —1 

«HW = b s , t := Tj n< 2 »-( fc + 1 )+ s ). <W> ■= 1 • 

p=0 i =0 

(5.3) 

Here, is the moduli space of the curve C in the class r together with a choice of 
p points, which correspond to nodes of C. In particular = A Ac- I 11 (ESj) 6 is the 
number of nodes and the formula is applied as follows. In the simplest situation C is 
a smooth curve of genus g in the class r, then S = 0 and 

n,(r) = (-l) dlm <' Mrf VVIc). (5.4) 

This can be understood directly as follows. If C is smooth the Jac(C) is non-degenerate 
and carries I g as su(2 )l Lefshetz representation of the fibre. The sum over in (12.261) 
gives -up to sign— the Euler number of the base. If the contribution to n g _s{r) comes 
only from an irreducible curve with 5 nodes we can calculate in certain situations 
x(C^) to obtain the BPS number. 

We now apply these ideas to D2 branes wrapping curves C in the fibre of the Calabi- 
Yau manifold M of the FHSV model. The moduli space M. c factorizes for these curves 
into J*Ac(F), parameterizing movements of C in the fibre, and P 1 , parameterizing 
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movements of C over the base of M. Along this P 1 direction and outside the Pi, the 
Jac(C) is constant. The P 1 is therefore a component, whose contribution factors in 
(12.26[) . Moreover on this component the su(2)# Lefshetz action in (12.261) reduces its 
contribution to an integral over the Euler class f pl e. This integral localizes to the pi. 
The relevant part of the D2 brane moduli space to curves C in the fiber hence localizes 
to curves which sit in the Enriques fibre. 

It is therefore sufficient to consider curves in the four special Enriques fibres to 
explain the BPS numbers in the tables in Sec. [5] Let us first recall an important fact 
about curves in an Enriques surfaces. According to proposition 16.1 in [5], for every 
such C in the class r in the Kahler cone there is a second curve C + K E in the class 
r up to torsion with \C + K E \ ^ 0 and r 2 = [C] 2 = [C + K E ] 2 . So each curve in 
the Enriques fibre is effectively doubled. Since we have four fibers we expect that the 
numbers in tables 4 and 5 are divisible by eight, which is indeed the case. Let us now 
compute the moduli space of deformations Me f° r smooth curves of genus g. By the 
adjunction formula, for a curve C in the class r = [C\ we have 

2g-2 = [Cf + [C][A- E ] , (5.5) 

where the second term [C] [Ke] = 0 on an Enriques surface. The moduli space of the 
curve C in a surface S is given by the projectivization of Me = P H 0 (O(C)), and the 
dimension h 0 (O(C)) can be calculated using the Riemann-Roch theorem 

X(0(C)) = PI + X (0(S)), (5.6) 

where x(C , (C)) = ^" =1 (— l) l h l (0(C)). For smooth curves in an Enriques surface, 
H l (0(C)) = H' 2 (0(C )) = 0 and y(C>(C)) = h 0 (O(C)). Moreover from section 3.2 we 
know that y (C , (£’)) = Yll=i h l ’°(E) = 1, and combining that with (15.5115. 6|) yields 

M c = P 9 " 1 • (5.7) 

_ 2 
We apply now (15.31) and get, for smooth curves in the class r of genus g = y + 1, 

n g (r ) = 8 • (-l)4 x (p4) = 8 ■ (-1)£ (y + l) (5.8) 

in agreement with table 4. 

Let us now give a more detailed calculation involving the nodal curves. The task 
is to calculate the Euler numbers y(C (5 ^). If we force the smooth curve C to pass 
through 5 given points in E, corresponding to the locations of the nodes, we impose 5 
linear constraints on its moduli space M = P 9 ~h The moduli space of deformations is 
therefore reduced to P* 9-5-1 . On the other hand we are free to choose the position of the 
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Table 6: Differences between the heterotic BPS prediction in table 2 and the geometric 
BPS calculation using (15.3115. 101) . 


points, which are therefore part of the moduli space of the nodal curves. The freedom 
of choosing n-points on E is naively E n . Since the points are undistinguishable one 
considers the orbifold Sym n (E) = E n /S n by the symmetric group S n . The relevant 
model for the moduli space of n points is the “free held” resolution [55] Ms = Hilb^E) 
of this orbifold. The name comes from the fact that the Euler numbers of the resolved 
spaces are generated by a free held representation 

x(M n )q n = I — — j = 1 + 12g + 90 q 2 + 520 q 3 + 2535g 4 + ... (5.9) 

This is special bosonic case of a formula [22], which gives the Poincare polynomial of 
M n in terms of bosonic and fermionic free helds. The reason that one needs only 12 
bosons here is that E has only even cohomology. Since Hilb <5 (E) hbers trivially over 
P 9-5-1 we obtain 

y(C (<5) ) = (g - S)x(Ms). (5.10) 

If we insert this result into (15.3|) we reproduce immediately, and to a large extent, the 
heterotic predictions in table 4. The deviations between the two calculations are given 
in table 6. As we will see later, the heterotic predictions are in full agreement with 
the computation of the topological string amplitudes by using the B model, and the 
deviations recorded in table 6 are due to the fact that for reducible curves with many 
nodes one has to refine the computation of BPS invariants in ([573]) as explained in 

It is instructive to compare this situation with the K3 curve counting of [55] . Because 
of x(0(K3)) = 2 we get in that case Me = P 9 , instead of (j5.7j) . On K3 we can force 
up to g nodes to get rational curves. For the Enriques surface, the smooth moduli of 
a genus g curve is too small to allow generically for g nodes. This also explains the 
absence of genus zero invariants. 

We close this section by noticing that the genus one BPS invariants for odd classes 
listed in table 4 have an interesting algebraic interpretation. As we pointed out after 
(I4.2ip . F\ (t) can be interpreted as the logarithm of a denominator formula of a super- 
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algebra. The genus one BPS invariants ci(r 2 ) are then multiplicities of the (super)root 
spaces of this superalgebra. 

6 The B-model for an algebraic realization of the 
FHSV model 

In this section we find an algebraic realization for the double cover of the Enriques CY, 
and we study it and its Z 2 quotient using mirror symmetry. To simplify the analysis 
we define a “reduced” FHSV model by blowing down an E$ part of the Picard lattice. 
The reduced model has only three Kaliler moduli, and its mirror can be analyzed in 
detail in the context of the B-model. We show that the topological string of the reduced 
model can be solved in terms of modular forms through the arithmetic properties of the 
mirror map. Using the holomorphic anomaly equations of [8j we find explicit, closed 
expressions for the topological string amplitudes up to genus 4. In this section we will 
denote genus g amplitudes by F' a >. 

6.1 The geometric description of the Enriques Calabi-Yau 

Here we describe the periods of the Enriques Calabi-Yau and we find an algebraic 
description of the double cover and its mirror. 

6.1.1 Periods and prepotential 

If M is a d =dim<c dimensional CY manifold and iVd,o is its unique holomorphic ( d , 0)- 
form, we may consider the quantities 

II (k) = f (6.1) 

J M 

where <9 k = cU 1 ... d^ p Zl denotes derivatives w.r.t. to the complex moduli. If the order 
of the derivative operator is ^ /q = |k| then Griffiths transversality [H] implies 

IV (k) = 0 , if |k| < d . (6.2) 

In particular, for cl G 2Z we get from = 0 an algebraic relation between the 

periods, while for d = 3 eqs. (16.21) lead to Af = 2 special geometry. 

Let us describe first properties of the periods of the manifold M = (K3 x T 2 )/Z 2 , 
which follow from the double cover. On the K3 covering of the Enriques surface we can 
choose a twelve-dimensional basis of two-forms, cq, i — 0, . .., p— 1 , in the anti-invariant 
lattice Tjt 3 and satisfying 

/ on A aj = r/ij. (6.3) 

J K3 
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Here rj l3 is the symmetric, even intersection form on F^ 3 . We consider families of K3 
surfaces covering the Enriques surface where p = 12 is the number of anti-invariant 
transcendental cycles, i.e. we choose a polarization so that the dual cycles, with basis 
E 7 such that f rj aii = 6%, are transcendental. We have P D P = rfi with r/ u r/- j7c = S f. 
The discussion below holds for general algebraic K3 surfaces with p transcendental 
cycles, and in particular for the reduced model for which p = 4. 

The holomorphic (2, 0) form can be expanded as 

p-1 r- 

<^ 2,0 = ^ X l a i with X 1 = / a; 2>0 . (6.4) 


The period integrals X l (z) depend on the complex structure deformation parameters 
z a , a = 1 ,... ,p — 2, that appear in the algebraic definition of the model. Griffiths 
transversality (16. 2p implies for |k| = 0 


p-1 

^ X l X j r }ij = 0. 
i,j =0 


(6.5) 


and for |k| = 1 

w (2,0 ’ 0) = W (3 ’ 0 ’ 0) , ^<9 2 1P (2 ’ 0 ’ 0) + d 1 W (1,1 ’°) 

+ a 2 w (1 ’°’ 1) + a 3 w (ia ’ 0) ) 


w (2,1 ’ 0) , 
w (1 ’ ia) . 


( 6 . 6 ) 


These can be integrated using the Picard-Fuchs (PF) equations and yield rational 
expressions for the B-model two-point function W^\ |k| = 2 in terms of the complex 
structure deformation parameters z^. We will denote them as C ZuZj := W^\ |k| = 2, 
where k has an entry 2 at the i’th position if i — j and entries 1 at the Pth and j’th 
position otherwise. 

There is a maximal unipotent point in the moduli space of complex structures of 
the K3 at which one has one unique holomorphic solution X°, p — 2 single logarithmic 
solutions X a , a = 1,... ,p — 2 and one double logarithmic solution F := W p_1 . We 
define the mirror map for the K3 as 


t a ( z ) = J^( z ) a — 1, - - -, P 2. (6.7) 

The couplings C Za:Zb transform like sections of the bundle SyrrrTTM <E> where M. 
is the moduli space of complex structures on the K3 and C is the Kahler line bundle. 
The mirror map and the special gauge of the B-model w.r.t. to the Kahler line bundle 
relates then the B-model couplings to their A-model counterparts in the following way 


C t a t b — 


1 f)z 

- C z z Az(t))^(z(t))X^(z(t)) = flab , 

(X°(^(t))) 2 dt aK KJJ dt bK 


( 6 . 8 ) 
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where f) ab are the classical intersection numbers of the generators of the Picard lattice 
of the mirror K3, related to the rj t] above by 

Tjij ho,p_l © ho,p-l ( n ) ' (6.9) 


Eq. (j6.8[) is a consequence of (16. 2p and reflects the absence of instanton corrections to 
the classical intersection ring of K3. It yields a simple relation between the quantity 
X°(z(t)), which corresponds to a gauge choice of lu 2 ,o hi £ -1 , and the derivatives 
^(z(t)) of the mirror map. The latter is a total invariant under the subgroup Tx 
of the discrete automorphism group Aut(T^ 3 ), that is realized as monodromy on the 
periods (X°,..., X p_1 ) on the algebraic family X double covering the Enriques surface 
E. The ability to express X°(^(t)) using (16.81) as a modular form of Tx will become 
important to solve for the in sec. 16.21 We can write the periods as a vector of 
inhomogeneous coordinates 



( x° \ 


( 1 ^ 



X 1 


t 1 


n = 


— x° 


, (6.10) 


XP - 2 


t p - 2 



V ) 


y -\f] a ^ b t a t b - 1 ) 



where we used the mirror map (J677j) as well as (16.51) and the explicit form of rj %] . Note 
that the —1 in the last period is a specialization to d = 2 of the (d)x(M) term, 

which appears in d — 3,4 CY manifolds. 

Similarly we define for the T 2 a basis of anti-invariant one forms a, /3 with f j2 a A/3 = 
1 and all other integrals are zero. We expand 


<^ 1,0 = x ° a — xl /3 

where the coefficients x°, x 1 are the periods 


( 6 . 11 ) 


x 


o 




( 6 . 12 ) 


and J a = — J b P = 1. At the point of maximal unipotent monodromy for the T 2 
we have a regular solution for x° and a logarithmic solution for x l , and we define the 
mirror map as 

r(.) = ^(z). (6.13) 

Jj 

With similar definitions as above we get a one-point function from integrating diW^ = 
ffA 2 h The analogue of (16.81) yields well known relations between the j-function and 
the Schwarz triangle functions for subgroups T T 2 of SL( 2,Z) (see, for example, 35l). 
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We combine information about T 2 and K3 to write periods of M. The 3-cycles of 
M are 


A 0 — a x r 0 , 

Bo 

= bxT p 

Ai a x r i; 

Bi 

= b x X); 

A r = b x r 0 , 

B r 

= a x Y p 

This basis is symplectic with 

A 

n Bj = Sij 


■P-2, 
j =1 


i = 


(6.14) 


M Yl is given by Yl = cu 2 ,(Wi,o which in the algebraic model is realized as 

dx dt A du 

II = — A su ———. 

y y 


If we integrate this e.g. over A 0 we get 

yO = f o = /YA 

L. JAv 


I r 0 


dt A du 


sm- 




= x°X 0 


(6.15) 


(6.16) 


We can write the period vector of the threefold in a symplectic basis 


f Is oW 


n = 


Is, 

LA 

V LA y 


/ -x 1 ^ 11 \ 

-x^ioX 0 

x°X° 
x°X 1 


= X L 


V oWY 0 / 

From the above we read off the prepotential 


( 2T - td % 3= - rd r T \ 
d x T 

d T X 

1 
t 1 


r 


(6.17) 


F 0 = --Ti)^ b n b - t 


(6.18) 


and conclude that there are no instanton corrections at genus 0 in base, fibre and mixed 
directions. 

r T 2 acts on the periods (a; 0 ,a; 1 ) a subgroup of SL( 2,Z). Similarly, r A - acts on 
(X°,..., X p_1 ). The action of these two groups on II does not commute and generates 
a bigger discrete group Tm■ From the point of view of the heterotic string dual, Tx 
generates T-dualities, r T 2 generates S'-dualities, and Ym is called the U-duality group. 


6.1.2 Mirror symmetry on an algebraic realization 

In order to calculate the periods discussed in the last section we need an algebraic 
realization and understand mirror symmetry on it. Let us first explain some features of 
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mirror symmetry for K3 surfaces. Mirror pairs of K3 can be given by three dimensional 
reflexive polyhedra following Batyrev’s mirror symmetry construction [6J. Fortunately 
the double covering of Enriques that [28] uses is of this type. The small polyhedron A 
is given by the convex linear hull of the corners 

K ...,u 5 } = {[1, 0,1], [0,1,1], [-1, 0,1], [0, -1,1], [0, 0, -1]} . (6.19) 

Its points are on a lattice A ~ Z 3 , which makes it an integral polyhedron. A is obviously 
embedded like A G Ar = N ~ M 3 . The polyhedron is reflexive, which means that the 
dual A* := {x G M*\(x,y) > — 1, V y G A} is an integral polyhedron in the dual lattice 
A* G N*. The Vi,... ,v$ above are corners of the polyhedron, and the corners p* of the 
large polyhedron A* are found by solving the equations (u*, Uj k ) = —1, k = 1, ..., 3: 

K, ■ ■ ■, »t} = {[2, 2,1], [2, -2,1], [-2, -2,1], [-2, 2,1], [0, 0, -1]} . (6.20) 


To the polyhedra Batyrev associate hypersurfaces 


P = 


#u #v* 

x>*n 


Ai,y*>+1 


#u* 




x. 


= 0, 


P = 


EMI". 


O'i.y-H i 


= 0, 


( 6 . 21 ) 


i— 1 j —1 i= 1 j =1 

which describe mirror manifolds M and W. For example we get a special double cover 
of P 1 x P 1 


4 4 i 4 4 i ,4 4 , .4 

p = a±s u + ch 2 S v + a^t v + a^t 


* 




Note that we take the product only over the corners of A*, to which we associate 
the variables {xj} = {s,u,t,v,y}, while we include all points that are not inside 
codimension one faces in A. Four of the a* are redundant, i.e. they can be set to say 
one by the automorphism of the ambient space Pa- 

Calabi-Yau threefolds correspond to 4d polyhedra and the cohomology groups of M 
and W are given by the formulas 

h 2i (M) =/(a)- 5 - ^2 i*(9)+ J2 non#), 

codim(0)=l codim(0*)=2 /n oq\ 

h u (M) = /(A*) — 5 — J2 l*{0*)r{9) , 

codim(0*)=l codim(0*)=2 


where 6 is a face (A is the top dim face) and 1(9) means all points in that face, while 
l* (6) means interior points in that face. 

For K3 these formulas become 

p(M) — 2 = 1(A) — 4 — J2 l *(6)+ E l* (0)1* (9*) 

codim(0)=l codim(0)=2 o/i\ 

h(M) = l (A*) — 4 — E W)+ E i*(0*)l*(0) 

codim(0*)=l codim(0)=2 
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and the interpretation is as follows. h(M ) is the rank of the Picard group of the K3 M 
and p(M) is the number of transcendental cycles of M. For all 3d reflexive polyhedra 
one has h{M) + p(M ) = h ll (K3) + h 20 (/l 3 ) + h 02 = 22, and the different choices 
are merely different choices of the polarization. In our case we have p(M) = 4 and 
h(M ) = 18. Here as above for the mirror W we just exchange A with A*. 

For the polyhedra A, i.e. the manifold M, we define the variables 


Z\ = 


dia^ai 


z 2 = 


020405 


(6.25) 


In terms of these variables we have the following Picard-Fuchs equations 


C l = el - 4(40! + 402 - 3) (40! + 402 - 1)*1, 
Co = 0 2 - 4(401 + 402 - 3) (401 + 402 - 1 )z 2 , 


where we dehned the logarithmic derivative 0* = The periods are linear solutions 

and in particular Z{ — 0 is a point of maximal unipotency. Around this point we have a 
pure power series and two single logarithmic solutions, which correspond to geometric 
periods. In particular the mirror map is given by 

zi = qi- 40 q\ + 1324^ - 64<m 2 + 2560 q\q 2 + 0(g 4 ), 
z 2 = q 2 — 64gig 2 + 2560g 2 g 2 - 40g 2 + 2560 <m 2 2 + 0{q 4 ), 


with qi = e _ti , where £j, i = 1,2 are complexihed Kahler parameters of the mirror. 
Indeed, calculation of the intersection numbers in the polyhedron A reveals that the 
corresponding Picard lattice is T 1,1 . Using Griffiths transversality (16.21) and (16.261) we 
can evaluate the two-point functions 


c. 


X\X\ 


2 

aqA’ 


1 — Xi — x 2 
XiX 2 A 


C 


X2X2 


2 

x 2 A ' 


(6.28) 


Here 

A = 1 - 2(xi + x 2 + xix 2 ) + x\ + x\ (6.29) 

is the principal discriminant, and we rescaled the variables suitably z % = x t / 64. Due to 
the above mentioned special properties of the mirror map of K3, we fold that C' tlil = 
Ct 2 t 2 = 0, C tlt2 = 1 in agreement with the identification of the Picard lattice T 1,1 . 

So far we have calculated on the mirror of the double covering of the Enriques 
surface and we need a justification that the two parameter family treated above does 
appear as a subfamily of the family of K3 admitting the Enriques involution. We 
consider now this symmetric splice of the mirror polynomial in (16.211) . Let us label 
the coordinates {yi} again by (s : t,u : v,y ). The Z 2 involution that we want to mod 
out (s : t,u : v,y) 1 —► (— s : t, —u : v, —y) will break some of the automorphisms of the 
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ambient space. Therefore we can not follow Batyrev’s methods that restricts to the 
true deformation parameters, which amounts to dropping the codimension one points, 
as used above. 

The geometry of the mirror is again a double covering of P 1 x P 1 branched at the 
generic degree (4,4)-hypersurface. The following expression keeps only monomials that 
are invariant under the Z 2 : 

y ' 2 = bit 4 v 4 + & 2 t 4 n 2 v 2 + b 3 t 4 u 4 + b±u A t 2 s 2 + b 5 s 4 u 4 + b 6 s 4 u 2 v 2 

+b 7 v 4 s 4 + b 8 s 4 t 2 s 2 + b 9 t 3 u 3 sv + b w s 3 u 3 tv (6.30) 

+b u v 3 s 3 tu + but 3 v 3 us + b\ 3 w L v 2 t 2 s 2 

Normally the SL( 2, Z) transformations of the two P 1 eliminate each three complex 
parameters, ffowever to be compatible with the Z 2 we can only make a rescaling 
(s, t) 1 —>■ (/is,p _ 1 f) and similarly for (u,v). The weighted transformation of y 2 1 —► 
y 2 +y f2,2(s, t, u, v ) has been used to eliminate linear terms in y, and an overall rescaling 
will eliminate a third 5j. In total we have hence ten invariant b u which are precisely 
the deformation parameters of the Enriques surface. 

It is still very tedious to derive a ten parameter PF system. Let us therefore look at 
a further symmetric restriction forced by the symmetry u t—> iu and s 1 —> is so that the 
Z 2 x Z 4 invariant subslice has the form 

b 0 y 2 = bit A v A + b 3 t 4 u 4 + b 5 s 4 u 4 + b 7 v 4 s 4 + bi 3 u 2 v 2 t 2 s 2 . (6.31) 

We will argue now that this family is, up to a Z 2 symmetry acting on their moduli 
space, identical to the family (j6.22|h At first glance this seems strange, because every 
monomial in the family (I6.3ip is invariant under the Enriques involution (s : t,u : 
v,y) (— s : t,—u : v,—y), while the monomial ystuv is projected out from (16.221) . 
We can keep this monomial by considering an induced action on the moduli space 
ao —*► — do- Now recall, e.g. from the Landau-Ginzburg description of the CY manifold, 
that terms are trivial in the sense that they do not change the residua or periods 
in the compact case. We can hence use || = 2 a 5 y — a 0 stuv ~ 0 and substitute 
y = 7^7 stuv is the last term of (16.2211 . which leads to the parameter identification 

b 13 = ^4^, establishing the equivalence of the two families. 

6.1.3 Arithmetic expressions for the B-model quantities 

As discussed in sec. 16.1.11 we expect to be able to give arithmetic expressions for the 
mirror map and the fundamental period, similar to what is obtained in [34, 38]. If we 
restrict the PF system (I6.26H to one variable by setting z 2 = 0 or z\ = 0 we find the 
PF operator 

£ = 0 2 -4(40-3)(40-1)z, (6.32) 
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which corresponds to the T(2) elliptic curve 

x\ = X 2 + X 3 + Z~^XiX2X 3 . 


(6.33) 


After transforming this curve to the Weierstrass form we calculate its j-function as 


j(q) = 1728 J (q) 


(1 + 192z) 3 
z(l — 64z) 2 


(6.34) 


Let us now define 


Iu = ^2 • 


(6.35) 


In terms of these modular forms, the relation (16.3411 can be inverted to obtain the 
Hauptmodul of T(2) as 

= e MM’ (6 ' 36) 


which is the arithmetic expression of the mirror map for the curve (16.33jl . The triviality 
of the one-point coupling for the elliptic curve 


1 dz 1 

cUq dt ^(1 — 64^;) ’ 


(6.37) 


which is similar to the triviality of the two-couplings in the K3 case (16.81) . leads to the 
following equation for the fundamental period ujq of the PF equation (16.321) 


^o(g) = \ K ^) > ( 6 - 38 ) 

where we have used (16.361) . 

The full PF system (16.26|) can also be solved arithmetically in terms of (16.361) by 
using the techniques of [HE]]- It can be easily shown that the simple ansatz 


*1(91,92) = *( 9 i)(l- 64 z(g 2 )) = -^2 ( 1 ~ ) 

_ 2 ' 2 ' (6.39) 

*2(91,92) =*( 92 )(l- 642 (gi)) = ( 1_ 


where we defined K 2 = iF 2 (?i),A" 4 = K 4 (qi) and K 2 = K 2 (q 2 ),K 4 = K 4 (q 2 ), pro¬ 
vides an analytic expression for the mirror map (16.271) . One can also hnd an analytic 
expression for the fundamental period of the system (16.261) using (j6.38[) 


AYtei,®) =w§(9i)w§(®) = \kiK 2 . 


(6.40) 
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It is now easy to show that the discriminant (16.29p can be written as 


A = (1 - 64 z(qi) - 64 z(q 2 )) 2 , 


(6.41) 


where z(qi) is the mirror map (I6.36p . 

In order to analyze the dependence of the model on the T 2 in the base, it is convenient 
to realize it also algebraically, e.g. as degree 6 curve 

x\ + x\ + xl + z~ 1//6 x 1 X 2 X 3 = 0 (6.42) 


in P(l, 2, 3), which also can be solved arithmetically. The mirror map is determined 
by the equation 


J (93) = 

which can be explicitly inverted to 


-(9s)(l -432z(g 3 ))’ 


(6.43) 




2 

3 ) + \/ J(Q 3 )(J(Q 3 ) — 1728) 


(6.44) 


Finally, the fundamental period is 


^°(9s) = 


(6.45) 


Therefore, the fundamental periods x°,X° as well as the mirror map for the reduced 
model can be expressed as modular forms in the parameters t 3 ,t 2 ,t 3 or functions of 
subgroups of SL( 2,Z) 3 , and this fact will become very useful in solving the B-model. 

It is instructive to compare the reduced model with the Enriques Calabi-Yau con¬ 
structed as an orbifold of (T 2 ) 3 by Z^ x Zf, which acts of the coordinates of the three 
tori (zi,Z 2 ,z 3 ) as a Kummer involution and a free Enriques involution 


E ■■ + (|) ! - 6) ! - (6.46) 

KE , - (I) , + (i) , - . 

Here — indicates a sign change and (|) a shift of the coordinate z*. This model 

has three moduli from the invariant sector of the orbifold, which also have a natural 

SL( 2, Z) 3 acting on them. However the geometry is very different. The rank 18 Picard 
lattice of the mirror of the K 3 family X has intersection E$(— 1) © E§(—1) © H( 1). As 
we will verify in detail in Sec. 16.21 the reduced model is obtained by contracting the 
curves in the E 8 (— 1) part of the Picard lattice, after the Enriques identification. If we 
denote their complex volumes by £j, i — 1, • ■ • , 8, this is achieved by setting = 0, 
i.e. Qi = e _ti = 1. On the other hand the rank 18 Picard lattice of the Kummer K3 
K that emerges after the Zf- orbifold in the first two coordinates is generated over 
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Q by sixteen P l5 s that resolve the A 1 singularities at P iv i = 1,... ,4, j = 1,... ,4, 
and two invariant classes from the T 4 . If we call the resolution map cr : K —> T 4 /Zf- 
and the exceptional divisors E %J := we get E^ fl E ki = —2 S ik Sji. Obviously 

the lattices that get contracted to reach the orbifold point and the reduced model are 
quite different. Moreover due to the non-trivial P-field one expects that the complex 
volumes of the P-'-’s ti approach |£j| —> 7 ri at the orbifold limit so that <ji = —1. This 
might explain why all information about the full lattice disappears in a type II one-loop 
computation of F\ in the invariant sector of the orbifold [7j. 


6.2 Topological string amplitudes from the reduced B-model 

In this subsection we use the holomorphic anomaly equations of [ 8 ] to compute the 
topological string amplitudes for the reduced model in the fiber directions, up to (and 
including) g = 4. 


6.2.1 Genus one amplitude 


As explained in [ 8 j the topological or holomorphic limit of the genus one free energy 
pd) i s related to the holomorphic Ray-Singer torsion [50]. The latter describes aspects 
of the spectrum of the Laplacians of Ay, q = ByBy + ByBy of a del-bar operator By : 
A q T* 0 V —> a q+1 T* 0 V coupled to a holomorphic vector bundle V over M. More 
precisely with a regularized determinant over the non-zero mode spectrum of Av, q one 
definefn[50] 

n 

I RS (V ) = ^[(det'Ay^) 2 (-1)9+1 . (6.47) 

9=0 

One case of interest, V = A P T* with A P)(j := A A pr*,g, leads to the definition of a family 
index 

F m = bogIHI( de t'A„) ( - 1, ’ + ’ M (6.48) 

p =0 g=0 

depending only on the complex structure of M. As was shown in [ 8 ] the holomorphic 
and antiholomorphic dependence of this object on the complex structure [9] can be 
integrated using special geometry to yield 


pi 1 ) 



A (z) det (f) 
(X°) K 


(6.49) 


In this expression, A 0 is the fundamental period of the PF system, dz/dt is the Jacobian 
of the mirror map, k, = 3 + h u — ^ depends on global topological data, and fi(z) is 

5 [49] reviews these facts and relates the Ray-Singer torsion to Hitchin’s generalized 3-form action 
at one loop. 
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the holomorphic ambiguity at genus one. Up to the normalization factor i this is the 
same expression that was derived in [7] using world-sheet arguments. The large volume 
behavior 


/i 11 . 

e ( 1 ) -E*< / ■ 
*=1 


c 2 (T) A J h t —> cx), 


(6.50) 


as well as local topological data of other singular limits in the complex structure moduli 
space, determine the leading behavior of F d) and fix the holomorphic ambiguity f(z). 

We can now use our solution to the variations of Hodge structures for the family 
(16.22p to compute F ^ for this model. Indeed our variable choice at the point of 
maximal unipotent monodromy given in (16.25ft is invariant under ao —■► — do and the 
result above can be used verbatim as describing a subfamily of the Enriques surface. 
Let us first calculate in the Enriques fibre direction from (16.491) , which we parameterize 
as 


F W ’ E (q 1 ,q 2 ) = ri log det + r 2 log(X°) + r 3 log(^ 2 ) +r 4 logA. (6.51) 

Notice that this can be also interpreted as a calculation for K3xT 2 in which one would 
expect that F ^ vanishes. This is the case if we set rq = — r 2 , r 2 = r 3 = r 4 . As we will 
explain in subsection 6.3.3, the heterotic prediction (j4. 19j) is reproduced for the choice 
rq = —^(2 + r 2 ), r 3 = |(2 + r 2 ) and r 4 = |(1 + r 2 ). Comparing with (16.49(1 we set 
r 2 = —3 to get r i = §• This yields also the expected result n = 3 + hn — A = 6 for 
the three parameter model. 

We can now use the arithmetic expressions for the mirror map (16.391) and funda¬ 
mental period (16.40)1 to derive an exact analytic B-model expression for the Ray-Singer 
torsion F^ E (q 1 , q 2 ) = F^^qi, q 2 , g 3 = 0) in the Enriques direction (16.51(1 


F {1)E = -|log(Vl6), (6.52) 

where 

5 = KlK\ - KJ<1 - K%K 4 (6.53) 

and we used the fact that the discriminant (16.29)1 can be written as 


A = 



(6.54) 


Indeed, we can write as well 

p{i) E _ _I log(A) — 2 log(A°). 


(6.55) 


On the B-model side it is easy to argue that, in genus one, there are no contribution 
from curves in classes with mixed degree in base and fiber. According to (16.716.1311 
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the term det ( dt/dz ) will factorize. The same is true for the A " 0 contribution due to 
(16.16|) . Finally the fi(z) is a product of discriminant factors. There will be two for the 
fibre and one for the base with no mixing between the base and fibre complex structure 
coordinates. Because of the logarithm we get a sum of two terms. The first one is the 
in the fiber, and depends only on g*, i = 1,2 while the second one depends only 
of the r parameter of the base, q% = exp(27r ir). We conclude that the total Ray-Singer 
torsion for the FHSV model is 

F (1 \qi,q 2 ,q 3 ) = " log(5/16) - 12 log(r/(g 3 )), (6.56) 

where the contribution of the base is the same one as for K3xT 2 . This has also been 
argued in [26], however the expansion in [26J is not related to the instanton expansion 
of the type IIA string as explained in sections 14.11 and 14.21 

6.2.2 Propagators and higher genus amplitudes 

In order to compute the amplitudes for g > 1 we use the holomorphic anomaly 
equations of [ 8 ]. These equations lead to an expression for F ^ of the form 

+ (.Y») 2 »- 2 / s , (6.57) 

where F r ^ is completely determined in a recursive way from the topological string 
amplitudes at lower genera F^ 9 \ g' < g, their derivatives w.r.t. the flat coordinates, 
and the propagators of the Kodaira-Spencer theory introduced in J8J. f g is the holo¬ 
morphic ambiguity at genus g. It is a rational function on the moduli space of complex 
structures and to determine it we need some extra data, like for example explicit values 
of Gromov-Witten invariants at low degree. 

If we apply this procedure to the reduced, three-parameter model, we find impor¬ 
tant simplifications in the computation of Free- This is due to the fact that, in flat 
coordinates, there is only one nonzero Yukawa coupling 6*123 which moreover does not 
receive any worldsheet instanton corrections and it is simply given by 6*123 = 1- Further 
derivatives of the Yukawa coupling vanish, and this sets to zero many contributions to 

p{9) 

One of the fundamental ingredients of the holomorphic anomaly equations of [ 8 ] are 
the propagators , S l and S of Kodaira-Spencer theory, where i,j are indices for the 
complex moduli. The procedure to find these propagators in the multiparameter case 
has been explained in [33] • It turns out that, in the case of the reduced model that we 
are studying, one can make a choice of gauge in which they have a particularly simple 
form. One first finds that it is possible to set S n = 0, i = 1, 2, 3. To solve for the 
remaining propagators with two indices S lJ , i 7 ^ j, one can use the equation 

\s ij C ijk = d k F « + - l^<9 fc (logA° + log/), (6.58) 
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where / is a holomorphic function of the complex moduli which arises as an integra¬ 
tion constant of the holomorphic anomaly equations. The equation (I6.58p determines 
uniquely the propagators S 12 , S 13 , S 23 up to an integration constant. Using now (16.551) . 
we see that the only piece of S 13 that cannot be absorbed into / is —<91og A°/<% 2 . The 
same thing happens to S 23 , after exchanging t\ t 2 . We then make the following 
choice of propagators 


S 13 = 


523 =-y«=;V i)+ ^ 


where 


A = \ d ti log A, 


i = 1,2. 


(6.59) 


(6.60) 


Finally, one can choose the remaining propagator S 12 to be — F 2 (g3)/12. The final 
result for the propagators S l i of the reduced model is then 


S 23 =s 32 = s a (q, « 92), 
S 12 =S 21 = -Fftfe), 
S 1 ' =S 22 = S 33 = 0. 


(6.61) 


Notice that, with this choice, S u only depends on , where ( ijk ) is a permutation of 
123. By using now the explicit expressions in [8], it is easy to see that the propagators 
S\ S can be chosen to be 


(yi _ gij 


ik 


i = 1,2,3, S = S 12 S 13 S 23 


(6.62) 


where (ijk) is a permutation of 123. Notice that the structure of the propagators of 
the reduced model is very similar to the case of toroidal orbifolds studied in [8] . 

Using the one-loop result (16.561) . the recursive formula of [8] for F^ leads to the 
expression 


f (2) =s 12 (F : + F^F^) - 2 S 12 (S 13 Fi 1] + S 23 F^) + 4S 12 S 13 S 23 


^E 2 (q 3 )(S 13 Fi 1) + S 23 F 2 w - 2S' 13 S' 23 ) + (A°) 2 / 2 , 


?23 f(1) 


(6.63) 


where fy 1} denote derivatives of F ( b w.r.t. U, A" 0 = X 0 ^, q 2 )x°(q 3 ), and / 2 is the 
holomorphic ambiguity. In the fibre limit 

, A° —> A°, 

12 ’ 
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S 


12 


h ^ fi, 


(6.64) 








(I6.63P should become F (2 ^ E , the genus two amplitude on the fiber. Here f E is simply 
the fibre limit of the holomorphic ambiguity. The heterotic prediction can be recovered 
by simply setting 

f 2 = 0. (6.65) 

After using the explicit expressions for the propagators (16.61[) and taking into account 

that 

= %A 4 A 2 , (6.66) 

where the Ai are dehned in (16.601) . we find that the genus two free energy for the 
Enriques fibre is simply given by 

F {2)E = (6.67) 

where F- V ' > can be written in terms of K t , Ah, E 2 = E 2 (q 4 ) and E 2 = E 2 (q 2 ), as 




KK 2 (qi)\ 
2h / ’ 


* — 1 ) 2 , 


( 6 . 68 ) 


and k = 8 + 3 A 4 A 4 . 

In the computation of FE) we have used the formulae for A re c obtained in [8], and we 
have applied them directly to the reduced model. However, for higher genus amplitudes 
this method is problematic. The reason for this is that, in order to obtain the correct 
result, we have to implement the reduction consistently, i.e. we have to first consider 
the formulae for Free in the original model with 11 Kahler parameters and then set 
the A§(—1) parameters to zero. In general, the result of this will be different from 
the result obtained by computing F^l directly in the reduced, three-parameter model. 
The two procedures lead to the same tensorial structures, but with different numerical 
coefficients. It can be seen that at genus 2 this is not a problem, but for higher genus 
we cannot use the reduced model to obtain the answer for F^ 9 \ 

One can still use the recursive formulae in the reduced model in order to obtain 
general properties of the amplitudes, as well as expressions for F^ E in terms of modular 
forms. For g = 3 one finds, for example, 


F&) e = - 


2 10 3 4 


E 2 _ kE 2 K 2 + 
5 



jp-2 kE 2 K 2 t p 2 

2 5 + ( 25Y 


+9/i 


i(£ 2 A- 2 - E 2 K 2 f - E P2 


(6.69) 


where /i = (K% — A' 4 )(A1| — K 4 )K 4 K 4 and 

p 4 = k 2 KI - 9(AT 2 - K 4 )K 4 ((K 2 + 7K 4 )5 + 9K 2 K 4 K 4 ), 

p 2 = pi(qi 92 ), (6-70) 

p 3 = S 3 + (7 S 2 + 728K 4 K 4 ) {K‘ 2 K 4 + K 4 K 2 ) + 12K 4 K 4 (55 2 + 6K 2 K 2 K 4 K 4 ). 
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m 

n — 0 

1 

2 

3 

4 

0 

- 

8 

4 

8 

4 

1 

8 

2048 

49152 

614400 

5373952 

2 

4 

49152 

5372928 

216072192 

5061451776 

3 

8 

614400 

216072192 

21301241856 

1063005978624 

4 

4 

5373952 

5061451776 

1063005978624 

100372720320512 

5 

8 

37122048 

83300614144 

34065932304384 

5641848336678912 

6 

4 

216072192 

1063005671424 

794110053826560 

218578429867425792 


Table 7: Genus one BPS invariants ni(m,n ) for the two parameter subfamily. By 
construction there is a symmetry under exchange of (■ m,n ). 


We have also found explicit results for the genus four topological string amplitude, 
which are too long to be reported here but are available on request. Note that F^' E 
exhibits a leading order pole at the discriminant A of the form 


F ( ^ e _ ^ 

As -1 S 2 9~ 2 ’ 


(6.71) 


which restricts the ansatz for the holomorphic ambiguity along the fiber f E . 


6.2.3 Comparison with the heterotic results 

Let us now do a more detailed comparison of the B-model results with the heterotic 
predictions in the geometric reduction. Table 7 contains the B-model prediction for 
genus one BPS numbers in the classes ( m,n ) of T 1,1 , the cohomology lattice of the 
reduced model. This is identified with the T 11 sublattice inside the Picard lattice of 
the Enriques surface T £ = T 1,1 © E s (— 1). The total class in T 1,1 © E s (— 1) is labelled 
by a vector r = ( n,m,v ) with norm r 2 = 2 mn — v 2 . The B-model for the subfamily 
calculates BPS invariants in which, for given (m,n), one sums over all possible vectors 
v in the E$(— 1) lattice. Recall that the coefficients of q in the Eg-theta function 

Q Es (q) = ^ q" 2/ " 2 = y^m(n 2 /2)g t ' 2 / 2 = E 4 (q) = 1 + 240g + 2160 q 2 + 6270g 3 + ... 

^€£^ 8 ( 1 ) v 2 

(6.72) 

yield the total number m(n 2 /2) of vectors v with a given norm. This means that the 
results obtained from the reduced B model should correspond to a “reduced” heterotic 
theory in which we freeze the moduli of the E%(— 1) lattice. Therefore, the topological 
string amplitudes of this “reduced” heterotic model will be given by 

fpW- Li,_ 2s ( 9 ;” 92 2 ”)}. (6.73) 

n,m ^ ' 
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where 


(6.74) 


J2^ d ( n 'i<i n = 

n 

The first thing we notice when we compare the heterotic theory and the B-model is 
that, in the results from the B model, the BPS invariants depend only on the product 
nm but also on whether the class (n, m) is even or odd. For (m, n) in T 1,1 to be in a 
even class, m and n have to be even. In odd classes either m or n or both are odd. This 
is needed in order to match (16.7311 . One can easily see that indeed there is a precise 
agreement between (j 6 .73(1 and the B-model results presented above. For example, the 
invariant 2048 at genus one in the B-model is given by 


2048 = 128 + 240 • 8 , 


(6.75) 


where the number 240 counts the vectors of norm v 2 = 2. Notice that, as a by-product 
of this comparison at .9 = 1, we obtain the following Borcherds-type identity 


Ki( qi )Ki(q 2 ) - K A (q\)Kl(q 2 ) - K^ qi )K 4 (q 2 ) = 16 J] 

n,m 


1 ~ ql L q? 

1 + q 4 q™ 


c(2nm) 




(6.76) 


where 

^ c ‘ a =~wm(r) E2{T)Ei{2T) - (6 ' 77) 

One can also check that the above B-model expressions on the fiber, for 2 < g < 4, 
agree with the heterotic prediction for the reduced model (16.7311 . 


6.2.4 Extending the results to the CY threefold 

Let us now turn from the fibre limit to the full Enriques Calabi-Yau by including 
the base classes. We first notice one important general property of F^: it will be a 
modular form with respect to a modular subgroup^ in SL(2, Z) x SL(2, Z) x SL(2, Z), 
acting on the parameters (q 4 , q 2 , q 3 ). The modular weight is given by 

{2g -2, 2g -2, 2g -2). (6.78) 

This can be seen most easily by looking at the last term in (16.5711 . The holomorphic 
ambiguity has zero modular weight, since it is given by a rational function of the 
coordinates z 4 ,z 2 ,z, which are all modular forms of zero weight. The fundamental 
period A " 0 has however modular weight (1,1,1), which leads to (16.7811 . 

6 It was noticed in |5l] that the F^ calculated for the quintic in P 4 in [31] can be written as 
polynomials of five generators. This is presumably a manifestation of modular properties of the 
correponding F ^ w.r.t. the modular group of the quintic in S'P(4,Z). 
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In order to study the full dependence on the T 2 on the base, we first notice that 
the F ^ amplitudes restricted to the base vanish, since they should be equal to the 
topological string amplitudes of K3xT 2 on the base. If we denote F^ B (q 3 ) = F^ (q\ = 
0, q 2 = 0, q 3 ), we have, 

F^) b = 0, g> 1. (6.79) 

We now use this information to find expressions for F^ 9 \qi,q 2 ,q 3 ). We first consider 
g = 2. Since S 13 = 0(q 2 ), S 23 = 0(q±), the expression (16.6311 reproduces the result 
(I6.79P if we assume that the holomorphic ambiguity vanishes as well when restricted to 
the base. Given these facts, it is natural to assume that the total ambiguity f 2 vanishes 
for the choice of propagators (I6.6ip . In this case, the only dependence of (I6.63P on q 3 
is an overall factor E 2 (q 3 ), and we finally obtain the remarkably simple expression for 
9 = 2, 

F (2) = E 2 (q 3 )F^ E . (6.80) 

This simple form for the reduced model agrees with the results of Maulik and Pand- 
haripande on the Gromov-Witten invariants at genus two for mixed classes of the full 
Enriques CY [55] (in fact, their results suggested to us the existence of a simple gauge 
for the propagators). Notice that (16.801) can be also written, after setting q 3 = e~ ts , as 

F {2) = -\fPfPf£\ (6.81) 

again with the same structure as the genus 2 amplitude for the toroidal orbifold con¬ 
sidered in [8]. 

As is clear from (16.681) . the expression (16 .8 ip exhibits a pole at A ~ • A remarkable 

fact is that it does not have such a pole at the discriminant = 1 — 432z 3 of the base 
curve (16.421) . It seems reasonable to assume that such poles do not occur at any genus 
and to refine (I6.78P in that F ^ is a holomorphic, quasimodular function of q 3 of weight 
2 g — 2, i.e. in what concerns the dependence on q 3 it is generated by E 2 ,E^,E§. In 
this respect, the modular properties of F ^ with respect to the modular parameter of 
the torus would be similar to those found in the case of the elliptic curve [16] . On the 
other hand, F 1 ' 9 ' 1 is a weakly holomorphic function of q \, q 2 with weights (2g — 2, 2g — 2), 
which in particular contains 8~ x . This assumption restricts the ambiguity considerably 
and leads uniquely to the following expression for F^\ 

F (3) = E 2 2 (q 3 )F^ E + ( E 2 2 (q 3 ) - E 4 (q 3 ))H^(q u q 2 ), (6.82) 

where 

H {3 \qi, q 2 ) = ~\f^ e - 1^F[ 1)E F^ )E + f£ )E F® E ). (6.83) 

In the case g = 3 we don’t have results on the mixed classes to compare with and check 
in detail the conjectures (I6.82p and (16.831) . However, we have verified that they lead 
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m 

n = 0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

0 

384 

99072 

2557440 

34604544 

2 

0 

99072 

34604544 

2425752576 

82015423488 

3 

0 

2557440 

2425752576 

399200753664 

28156719273984 

4 

0 

34604544 

82015423488 

28156719273984 

3717898174470144 


Table 8: Genus two BPS invariants n 2 (m,n,l) for branes wrapping the base torus 
once. 


m 

n = 0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

0 

128 

33792 

10521600 

17047552 

2 

0 

33792 

25704448 

2596196352 

113305067520 

3 

0 

1052160 

2596196352 

635491780608 

58963231506432 

4 

0 

17047552 

113305067520 

58963231506432 

10321183934611456 


Table 9: Genus three BPS invariants 1) for branes wrapping the base torus 

once. 


to results which are consistent with (16. 79p and with integrality of the BPS numbers 
n g (r) e Z in the expansions (12.301) . As expected from the discussion above (15. 5 j) . all of 
these numbers are divisible by eight. In the tables above we list some BPS invariants 
n g (r) for base degree d equal to one. In [23], we will extend these ideas and present 
an alternative and more powerful method to derive (16.82ft and (16.831) which makes also 
possible to obtain results for to high genus. 
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A Theta functions and modular forms 


Our conventions for the Jacobi theta functions are: 

^(i/| r) = 0[1 ](i/|t) = iJ2(~l) n q^ {n+1/2)2 e i7r{2n+1)u , 

n€ Z 

7? 2 (l/|T) = 7?[J](l/|T) = ^ q Un+l/2f e i*{2 n +l)v, 

n€Z 

n€Z 

-MHO = tffiKHO = 

nEZ 


(A.l) 


where q = e 27rrr . When 1 / = 0 we will simply denote d 2 (r) = i? 2 (0|t) (notice that 
i?i(0|r) = 0). The theta functions i? 2 (t), i? 3 (t) and d 4 (r) have the following product 
representation: 

OO 

^(T) = 2 ( y 8 p[(l-g”)(l + <,”) 2 , 

n= 1 
oo 

<’3W = n( 1 -9 n )( 1 + 9” 4 ) 2 . (A.2) 

71=1 


71=1 

and under modular transformations they behave as: 


^ 2 (-l/r) =4/^d 4 (r), 


V * 

1 - 

d 2 (r + 1) =e i7r/ % 2 ( 

■d 3 (-l/r) =y^d 3 (r), 

d 3 (r + 1) — d 4 (r), 

■d 4 (-l/r) =^d 2 (r), 

■d 4 (r + 1) — d 3 (r). 


The theta function $i(z/|r) has the product representation 


(A.3) 


MHO = -2g»sm(m/) JJ(1 - g")(l - 2cos(2ir v)q n + q 2n ). (A.4) 

71—1 


We also have the following useful identities: 


^(T)=^(r) + ^(r), 


and 

^2(t)^ 3 (t)^4 (t) = 2?7 3 (r), 


(A.5) 

(A.6) 
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where 


OO 


,,(t) = ,V* [J(l - 9 ”) 


n= 1 


is the Dedekind eta function. One has the following doubling formulae, 


„ (2t) tf2 (2r) = • 


tf 3 < 2 r) tf 4 ( 2 r) = 

h( r /2) =\/h(D)^4(V). 

The Eisenstein series are defined by 


4?9 _ < " X “ > .. 

S 2 n( 9 ) = 1 - 

B 2 „^ 1-9* 


(A.7) 


(A. 8 ) 


(A.9) 


where are the Bernoulli numbers. The formulae for the derivatives of the theta 
functions are also useful: 

4 1os,, 4= M b ^-4 
% 108,93 44 +^ ~4 
4 1oe ' j 44 + ^ + 4 

and from these one hnds, 

q— log rj = — E 2 (t), q^—E 2 = — (e% — E 4 ). 

H dq B 1 24 V H clq 12 V 2 V 

The doubling formulae for E 2 (t),E 4 (t) are 

E 2 (2t) =^E 2 (t) + ^3 (r) + ^(r)), 

^ 4 ( 2r ) =^ 4 ( r ) + Y^4( r )4(^)- 

B Lattice reduction 


(A. 10 ) 


(A.ll) 


(A. 12) 


In this Appendix we briefly review the computation of integrals of the form (12.81) with 
the technique of lattice reduction. This technique applies to integrals of the form 


Jr '2 , 




(B.l) 
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These integrals are sometimes called theta transforms of the (quasi)modular forms 
fj(r, f). The generalized Siegel-Narain theta function which appears in this integral is 
defined as 


0 r (r,a,/?,P,</>) = 

7 nr{p + (3/ 2 )+ + niT(p + P/2) 2 _ + iri(p + p/2, a) , 

(B.2) 

where T is a lattice of signature (b + , b~ ), P is the projection, p is a polynomial on M. b+,b 
of degree m + in the first b + variables and of degree m~ in the second b~ variables, and 
A is the (Euclidean) Laplacian in M 6++? ' . The rest of the notations where introduced 
in section 2. The lattices involved in (IB. ID have all the same signature, and they 
only differ in overall factors for their norms as well as in the shifts aj,Pj. In the 
computation of these integrals by lattice reduction, one proceeds iteratively and in 
each step the rank of the lattice is reduced by two. Proceeding in this way, one can 
reduce the computation of (IB.ID to evaluation of quantities associated to the reduced 
lattices. 

Let us consider the simple case in which there is only one term in the sum (IB.ID . 
with a — P — 0, and the lattice T is even and self-dual. In this case we will denote 
(IB. 2D by 0r(T, P , <f>). The theta transform is then given by 

4>r (P,<t>,F T ) = / Ae r ( T ,p,0)F r ( T ,f), (B.3) 

JT t 2 

where 

F r (r,f) = rf /2+m+ P(r) (B.4) 

is a (quasi)modular form with weight {—b~/2 — m~, —b + /2 — m + ), constructed from the 
(quasi)modular form F(t) with weights {b + /2 + m + — b~/2 — m~ , 0). We will assume 
that F(t) is an almost holomorphic form, i.e. it has the expansion 

f {t) = ( R5 ) 

m£Q t>0 


E 


exp 


A 


87TT 2 


(0(P(A))) exp 


where c(m, t ) are complex numbers which are zero for all but a finite number of values 
of t and for sufficiently small values of m. Lattice reduction is then implemented as 
follows. Let z be a primitive vector of T of zero norm, and let K = (T n z^/'Lz. This 
lattice, which has signature ( b + — l,b~ — 1), is called the reduced lattice. A typical 
situation when choosing a reduction vector occurs when the lattice T has T 1,1 as a 
sublattice, where T 1,1 is the lattice of rank two and intersection form 



(B.6) 
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In this case, one can take z to be one of the vectors that generate T 1,1 . In the reduced 
lattice one can construct “reduced” projections P as follows: consider z± = P±(z), and 
decompose M b± ~ (z±) © {z±) ± - The projection on the orthogonal complement 
is the reduced projection P±. It can be explicitly written in terms of P± as 

p±(p) = P±{p) - (P±(P t Z±) z±- (B.7) 

4 

Once this reduced projection has been constructed, we have to decompose the polyno¬ 
mial involved in (IB. 2D with respect to this projection, according to the expansion 

H p (p)) = (p,z+) h+ (p,Z-) h ~(j) h + ih -(P(p)), (B.8) 

h+,h~ 

where Ph+,h~ are homogeneous polynomials of degrees (m + — h + , m~ — h~) on P(T®M). 
We now write the vectors of the lattice T as 


p = cz' + mz + p , 


(B.9) 


where p K is a vector in the reduced lattice K and {z\ z ) = N. When the reduction 
vector belongs to a sublattice T 1,1 , the vector z' is the other generator of the sublattice 
and N — 1. One can now rewrite the Siegel-Narain theta function in terms of the 
reduced lattice, after a Poisson resummation of the integer m, as 


©r (r,P,<j>) = 


V 2t ^ z + 




h\ 


x y~^(iVcT + €) 

c,i 


h >0 h+,h~ 

h+ - h (Ncr + i) h ~~ h 


2 iT2) h++h ~ 


r 2 z 2 + \ h fh + 


n 


exp 


7t\NcT + l\‘ 
2 t 2 z\ 


fi¬ 

ll 


®k(t, £fJ>/N, -Cfj,, P, 4>h+,h-)- 


(B.10) 

In writing this formula we have assumed that ( Pk,z') = ( z',z ') = 0, and we have 
introduced the vector 


H = —z’ + N 


Z + Z- 

+ 


2z: 


2 zi 


e K 


(B.ll) 


Once this expression is inserted into the integral (IB. ID . one can apply the “unfolding” 
procedure, in which the integral over the fundamental domain T of SL(2, Z) becomes 
an integral over the domain [—1/2,1/2] x (0, oo). At the same time, one can set c = 0 
in (IB.10D by modular invariance. There are two types of contributions in the end. The 
first one comes from i = 0 and it is sometimes called the contribution of the “zero 
orbit.” It is given by 

1 




MW 


(B.12) 


h> 0 
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Notice that this is another theta transform, but for the reduced lattice, which is smaller. 
The contribution from the nonzero orbits comes from i > 0, and it involves a sum over 
the reduced lattice K. When P + (X K ) ^ 0, it is given by 

.2 x h , h+ . 


i 2 x ^ ^ hi 

zi 2s 2^ ( 2 i)h++ h ~ 
h >0 h+,h~ ' 


z d 

7 T 


h 


h 


A V 


E E jt(-sN p k +,k-(p(p K )) 


8tt ) 


'2m£(p K ,n)/N 


E 2c (? 2 /2,«) 


j p K eK' 
h—h + —h~ — j —— 3/2 


2MP + (p*)| 
{2nl\P + (p K )\ 


E* 

i=\ 


■ K-h—h+-h~— j-t+b+/ 2 +m+- 3/2 1 i | 

(B.13) 

ffere, K v (z) is the modified Bessel function, which comes from an integral over the 
strip r 2 > 0. When P + (X K ) = 0, the integral has to be regularized and this leads to a 
slightly different expression which can be found in [12]. 

An important remark is that the above expressions are only valid if 

N 2 «l- (B.14) 


For a fixed primitive vector z, the value of z\ depends on the projection we choose for 
the lattice, which is in turn determined by the Narain moduli of the string compact- 
ihcation. Different choices of regions in moduli space will require different choices of 
vectors for the lattice reduction, and therefore to different expressions for the resulting 
integral. 

We have considered here the simplest case in which the theta transform (IB.ID involves 
a single summand with a = f3 = 0. More general cases can be also analyzed with the 
technique of lattice reduction, see [12, 30] for examples. 
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